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Abstract: Human Bocavirus is commonly observed among pediatric respiratory tract infections. It re-
mains poorly understood in terms of its epidemiological transmission dynamics and clinical progression.
This study proposes a fractional model that incorporates outpatient treatment, hospitalization, and post-
recovery viral persistence to analyze the spread and clinical course of human bocavirus infection in chil-
dren. The model’s well-posedness is established by proving positivity, boundedness, and the existence
and uniqueness of solutions. The basic reproduction number is derived using the next-generation matrix
method, and its sensitivity to key parameters is examined. Numerical simulations for different fractional
orders reveal the memory-dependent dynamics of the infection. Model parameters are informed by clinical
studies conducted in Tiirkiye, and the results underscore the importance of evaluating Human Bocavirus
not only in terms of transmission dynamics but also its burden on the healthcare system. This study pro-
vides an original framework for investigating human bocavirus as a human-to-human transmitted viral
infection through fractional mathematical modeling and contributes to the literature on epidemiological
and clinical analyses focused on the pediatric population.
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1 Introduction

Respiratory viruses remain a major cause of morbidity in the global community, particularly in the child demographic,
whereby epidemics tend to create serious clinical outcomes. The trend in world management of such infections over
the last decades has changed to a more integrated approach to tackle such infections, which involves a combination of
clinical monitoring with mathematical expertise to forecast and avert the propagation of the disease.

Another respiratory virus spreading around the globe is Human Bocavirus (HBoV) that causes acute lower respiratory
tract infections in infants and young children mostly. HBoV is mostly transmitted via respiratory droplets, which results
in a complicated pathophysiology of impacting both the upper and lower respiratory tracts. Infection clinical course
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is usually not homogeneous, and every process, such as outpatient medical care and inpatient medical care, has its
healthcare burden and physiological effects on a child.

HBoV has a high prevalence in hospitalized children which is why its epidemiological significance is profound and
causes significant social and economic consequences. It has been determined that there are two essential phenomena
in clinical reports: firstly, persistent shedding of virus, and secondly, post-recovery positivity. These data show that
HBoV infection is not a mere transient state but entails lasting clinical stages that make it more demanding on the
healthcare systems, as it needs more resources to monitor the long-term and care about the patients [[1-4].

Existing approaches to managing HBoV are that of supportive care and symptomatic treatment, but there are still
a number of problems with the management, prevention, and monitoring of the virus. The above post-recovery
positivity and residual viral material serve to create a serious dilemma among the healthcare providers when it comes
to defining the real onset of the infectious period. These clinical outcomes suggest the memory-dependent effects,
which cannot be successfully modeled on the classical integer order framework, which is a weakness of the strategies
in the contemporary diagnostic and predictive strategy [|5}/6].

Fractional order mathematical modelling has attracted considerable attention in recent years due to its capacity
to encompass memory, hereditary, and nonlocal effects that are intrinsic to numerous biological and epidemiological
processes. Unlike classical integer order models, fractional order models permit the present state of a system to depend
not solely on its instantaneous dynamics but also on its past evolution, thus providing a more realistic framework for
describing disease transmission and progression. This modelling approach has proven particularly effective in the
context of infectious disease dynamics, where latency periods, prolonged immune responses, treatment delays, and
persistent infection states play a critical role in shaping epidemic outcomes.

In the extant literature, fractional order models have been extensively employed to address complex epidemiolog-
ical and biomedical phenomena, particularly in contexts where memory and hereditary effects play a decisive role.
Naik et al. examined the chaotic dynamics of a fractional order human immunodeficiency virus model that incor-
porates cancer cell interactions. The analysis revealed that fractional derivatives introduce rich nonlinear behaviour
and significantly affect long-term stability and oscillatory patterns [7]]. Cakan focused on the stability analysis of a
compartmental coronavirus disease model that includes contamination control strategies [|8]]. Peter et al. formulated
a fractional order meningitis model with treatment and vaccination, highlighting the capability of fractional dynamics
to represent delayed immune responses and gradual recovery processes [[9]. Ould Beinane et al.investigated a frac-
tional order epidemic model with isolation and hospitalization compartments, providing analytical stability conditions
under fractional dynamics [|10]. Ozkése et al. developed a fractional order model for the Omicron variant of severe
acute respiratory syndrome coronavirus that incorporates cardiovascular complications and real epidemiological data.
The findings indicated enhanced congruence with documented clinical patterns when contrasted with integer order
formulations [[11]]. Kocabiyik and Ongun proposed a distributed-order smoking model and examined its numerical dis-
cretization [[12]. Oztiirk et al. analyzed a fractional susceptible, infected, quarantined, recovered, vaccinated model for
coronavirus disease, illustrating how vaccination and quarantine mechanisms alter disease trajectories [[13]]. Gum{is
and Tiirk studied the dynamical behavior of a hepatitis B epidemic model using nonstandard finite difference schemes,
ensuring the preservation of positivity and qualitative system properties [14]. In addition to classical infectious dis-
eases, the scope of fractional order frameworks has been expanded to encompass interdisciplinary applications. In a
study by Joshi et al., the treatment mechanisms of a fractional order plastic waste model associated with air pollution
were investigated, thereby demonstrating the adaptability of epidemiological modelling tools to environmental systems
[[15]. Glimiis et al. examined intervention strategies in a shigellosis transmission model, with particular emphasis on
optimal control and public health decision-making [[16]. Mokni et al. suggested a new theory of discrete-time evolu-
tionary modeling by defining such models as non-autonomous difference equations, thus explaining complex limit-set
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structures in the higher-dimensional state spaces [17]]. Similarly, Cushing et al. have shown how Darwinian evolution-
ary adaptation in models of susceptible-infectious (SI) can trigger changes in equilibrium stability, hence affecting the
effectiveness of therapeutic interventions when compared to pathogen resistance [18]]. Tiirk and Gilimiis conducted a
stability analysis of a discrete-time cancer epidemic model, focusing on long-term dynamical behaviour under discrete
evolution [19]]. Raza et al. explored the dynamics of diabetes mellitus transmission using time-delay techniques and
numerical approaches, highlighting the importance of delayed effects in chronic disease modelling [20] . Yavuz et
al. proposed a prey predator model calibrated with experimental data, thereby illustrating the applicability of ad-
vanced mathematical modelling techniques to biological control problems [21]]. The literature on the subject has seen
significant advancements in both numerical and methodological developments. Merdan and A¢ikgdz examined non-
standard finite difference schemes for fractional order coronavirus disease models, emphasizing the preservation of
stability [22]]. Tiirk presented a comprehensive review of mathematical modeling studies on monkeypox transmission
dynamics, summarizing key modeling approaches and open research directions [23]]. The concept of heterogeneous
behavioral transitions was developed as Ansori et al. constructed a discrete time smoking model with several smoker
subpopulations, which characterizes the heterogeneous transitions among behavioral states in smokers or not-smokers
in a population, as well as the heterogeneous transitions between smoking and not-smoking behaviors within each of
these subpopulations, respectively, in the same model [24]. A fractional order model of autism spectrum disorder
propagation was suggested by Giimiis and Teklu to analyze the population-level dynamics [25]]. Teklu et al. investi-
gated the bifurcation structures and the optimization of control in a hepatitis B virus model of drug resistance at the
fractional order model and showed how control measures affect complex disease processes [26]. To investigate more
closely theoretical and additional applications of the modeling: [27-40].

Although numerous infectious and non-infectious diseases have been studied in terms of fractional order modelling,
HBoV is not well studied in the frame of mathematical epidemiology. HBoV is another respiratory virus that spreads
across the world mostly causing acute lower respiratory tract infections to infants and young children. There have
been clinical reports of two phenomena, firstly, sustained viral shedding and, secondly, post-recovery positivity. These
results indicate the existence of memory-dependent effects that cannot be well modeled using classical integer order
models. Moreover, the clinical course of the infection is often heterogeneous, and each process, outpatient treatment,
and hospital treatment, carries its own healthcare baggage. Driven by these issues, this research paper will be focused
on creating a HBoV transmission among children based on a fractional order epidemiological model that will explicitly
capture unique clinical pathways and post-recovery persistence. The framework suggested uses Caputo fractional
derivative, which have shown to be effective in modeling the effects of memory in the dynamics of diseases and
healthcare. This work has the following objectives: the analytical study of the properties of models, the derivation and
sensitivity analysis of the basic reproduction number, and numerical studies at different levels of the fractional order.
The current research can be considered an important contribution to the existing body of literature because it proposes
a new mathematical model of transmission of HBoV to understand its epidemiological and clinical consequences and
to inform the process of data-informed assessment of the population and its health needs in relation to paediatric
patients.

The rest of the paper is organized as follows. The first section of the work is the introduction which gives the
motivation of the work, background and the purpose of the work carried out. In the second section, the pre-requisites
on the topic of fractional calculus, such as defining the notion of the fractional derivative and the basic principles
needed in the analysis further on, are presented. The third section contains the formulation of the fractional order
epidemic model, and the definition of the model parameters is given explicitly. In this section an rigorous study of the
model will also be given covering the positivity, boundedness, existence, and uniqueness of solutions of the model. The
fourth section is devoted to the analysis of the linear stability of the system, where a local stability of the equilibrium
points is explored. Moreover, the sensitivity analysis of the basic reproduction number is also performed in this section.
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This fifth section will provide the numerical solutions of the proposed model and the results of the simulation that will
give an idea of the dynamical behaviour of the system under various scenarios. Lastly, the sixth and last section of the
research gives the main findings summary, concluding remarks, and suggests future research direction.

2 Preliminaries on Fractional Calculus and Basic Definitions

Fractional calculus provides a flexible mathematical framework for modeling systems with memory and hereditary
characteristics. In recent years, the use of fractional order operators has seen a marked increase in the analysis of
biological and epidemiological models. These operators have been shown to facilitate a more precise representation
of processes influenced by past states, thereby improving model accuracy. This section introduces the fundamental
concepts and definitions of fractional calculus, which serve as prerequisites for formulating and analyzing the proposed
model [41-44].

Definition 2.1. [41]] Let f : [0,00) — R be a sufficiently smooth function and let « € (0,1). The Caputo fractional
derivative of order « of the function f is defined by

C Nna _ 1 ¢ f(n)(s) s
DYf(t) = )/0 ( d 2.1)

I'n—« t—g)ontl
where I'(-) denotes the Gamma function.
Definition 2.2. [41]] The Mittag—Leffler function is defined for oo > 0 and 8 > 0 by

Sk

Eap(z) =) ek T 5 (2.2)

k=0
Definition 2.3. [|10] Consider the Caputo fractional differential equation
CDex(t) = F(t,x(t)), z(0) = w0, 0<a<l (2.3)

The vector-valued function F : [0,00) x @ — R™ is said to satisfy a Lipschitz condition with respect to the state variable x
on a domain Q) C R™ if there exists a positive constant L such that

|F(t,x1) — F(t,z2)|| < Lijxy — x2]|, V1,22 €0, t>0. 2.4

If F is continuous with respect to t and satisfies the above Lipschitz condition in x, then the associated initial value problem
admits a unique solution on a finite time interval [0, T, where T' > 0.

Theorem 2.4 (Generalized Mean Value Theorem). [[11|] Let f : [0,7] — R be a continuous function with a Caputo
fractional derivative of order o € (0, 1). Then, for each t € (0, T, there exists a constant { € (to,t) such that

F(8) — f(to) = ﬁch‘f(f) (t — t0)". 2.5)

Theorem 2.5. [43|] The equilibrium point of the linear fractional order system

CD2x(t) = Ax(t),
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where 0 < a < 1 and A is a constant matrix, is asymptotically stable if and only if all eigenvalues \; of A satisfy

T

A —.
Jarg(\)| > 5

3 Formulation of the Fractional Human Bocavirus Model and Fundamental
Properties

This section consists of the development of a fractional order compartmental model to explore the dynamical trans-
mission of HBoV among the pediatric population. The model separates the different clinical progression patterns by
including outpatient and hospitalization in a clear way, thus representing clinical outcomes of HBoV infections. The
suggested formulation will combine epidemiological transmission, with clinically motivated transitions, allowing a
combined evaluation of infection transmission and burden of healthcare.

The overall pediatric population under the analysis is divided into mutually exclusive compartments based on the
status of infection and clinical outcome. At risk children, represented as S(¢) indicate children that are at risk of
contracting HBoV infection. The exposed group, E(t), includes children that have been infected but they are not infec-
tious. Actively infectious children capable of transmitting the virus are represented by the compartment I(¢). Following
the infectious stage, individuals may progress through different clinical pathways. Children receiving outpatient care
are classified in the compartment 7'(¢), while those requiring inpatient medical care are placed in the hospitalized
compartment H (¢). After clinical improvement, a subset of individuals may continue to test positive for viral genetic
material despite the absence of symptoms; this condition is described by the persistence compartment P(t¢). Finally,
children who fully recover and acquire immunity are grouped in the recovered compartment R(¢).

Additionally, persistence compartment represents the clinically significant extended duration of viral shedding of
HBoV. Epidemiologically, the population in the P(¢) compartment can be considered to be non-infectious, since chronic
polymerase chain reaction (PCR)-positive result in HBoV is usually an indication of viral nucleic acid remnants rather
than the ability to transmit the infection. In line with this, the force of infection is not provided by the P(¢) compart-
ment. Rate of transition, p, represents the end of the biological clearance of the virus material hence, the transition of
subjects into the fully recovered and immune state. Based on the compartmental structure described above, the trans-
mission dynamics of HBoV among the pediatric population are governed by the following system of Caputo fractional
differential equations of order 0 < o < 1:

CDES(t) = A — BS(t)I(t) — uS(1), (3.1a)
“DPE(t) = BS()I(t) — (0 + p) E(t), (3.1b)
CDYI(t) = oB(t) — (1 + 1+ u)I(t), (3.10)
CDAT(t) = 7I(t) — (v 4+ w)T(t) (3.1d)
CDFH(t) = nI(t) — (yn + p) H(1), (3.1e)
D P(t) = 3T (t) +yH () — (p+ p) P(t), (3.10
“DR(t) = pP(t) — pR(t). (3.19)

Model parameters and their biological interpretations are summarized in Table |1} and the model diagram is given
in Figure
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R)——(P) "
1 s
Figure 1: Flow diagram of the fractional HBoV model

Table 1: Description of model parameters

Parameter Description

Recruitment rate of susceptible children

Transmission rate of HBoV from infectious children

Natural mortality rate of children

Progression rate from exposed to infectious stage

Rate at which infectious children receive outpatient treatment
Hospitalization rate of infectious children

Recovery rate from outpatient treatment

Yh Recovery rate from hospitalization

p Rate of transition from persistent positivity to immune recovery

23 99T W

B

The parameter values and initial conditions employed in the numerical simulations are selected in accordance with
reported clinical and epidemiological findings on pediatric HBoV infections in Tiirkiye [45,46]. Specifically, the transi-
tion rates between the corresponding compartments reflect the proportions of outpatient management, hospitalization,
and severe clinical outcomes. The incorporation of average symptom duration, length of hospital stay, and frequency of
prolonged polymerase chain reaction positivity after clinical recovery serves to ensure the biological plausibility of the
model parameters. The transmission coefficient is regarded as falling within a realistic range, thereby permitting vari-
ability in contact intensity and seasonal effects. This coefficient is subjected to a sensitivity analysis to further examine
its implications. The initial population sizes are selected to align with the observed case distributions, which include
a notable proportion of hospitalized children. The adopted parameter values and initial conditions are delineated in
Table [2| In this study, the model parameters are hypothesized based on a synthesis of available clinical results, as op-
posed to having their statistical inference in the form of a formal fitting routine. As a result, disease-related parameters
are directly extracted through clinical research undertaken in Tiirkiye [45}46], thus not only making them biologi-
cally plausible, but also pertinent to the region. Where parameters could not be directly quantified clinically, as is the
case with the transmission coefficient (), these parameters were assigned values in a set of realistically constrained
parameters that qualitative agree with the empirical data distribution of the HBoV cases occurring in pediatrics.
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Table 2: Fractional HBoV model parameters and initial conditions

Parameter Value Population Initial value
A 0.001 day—* [ S(0) 5 x 102

B 0.025 day—! | E(0) 0.2 x 10?
i 1073 day~? | 1(0) 0.15 x 102
o 0.25day~! | T(0) 0.04 x 102
T 0.05day—! | H(0) 0.02 x 102
n 0.002 day—! | P(0) 0.05 x 102
Yt 0.20 day~! | R(0) 0

Vh 0.06 day—!

P 0.08 day—!

Theorem 3.1. Let 0 < o < 1 and define the total pediatric population by
N(t)=S(t)+ E(t) + I(t) + T(t) + H(t) + P(t) + R(¢).
Then, for all t > 0, the solution of the fractional HBoV model satisfies
“DIN(t) = A — uN(t),
and consequently the total population remains uniformly bounded, that is,

0<N(t) <

==

Proof. By adding all seven equations of the fractional order HBoV system, the nonlinear transfer terms cancel out,
leaving only the recruitment and natural mortality contributions. This yields

“DIN(t)=A—pu(S+E+I+T+H+P+R)=A—puN(@).

The resulting fractional differential equation is linear and admits an explicit solution expressed via the Mittag-Leffler
function: A
N(t) = N(0)Eq(—pt®) + . (1 = Bo(—put®)).

Since FE,(—ut®) is positive and monotonically decreasing for ¢ > 0, it follows that
A
lim N(t) = —.

t—o0 M

Therefore, every solution trajectory of the model is confined to a bounded region of the positive orthant. Hence, the

b

which is positively invariant under the flow of the fractional HBoV model. O

biologically feasible region of the system can be defined as

Q= {(S,E,I7T7H7P,R) eERT:0<N(t) <

==

Corollary 3.2. [47] Let f : [0,T] — R be a continuous function whose Caputo fractional derivative of order o € (0, 1]
exists on (0, T]. Then the following properties hold:

o IfYDf(t) > 0forallt € (0,T], then f is nondecreasing on [0, T].

o IfYDf(t) <0forallt € (0,T], then f is nonincreasing on [0, T).
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Theorem 3.3. Suppose that the initial data of the fractional HBoV model satisfy

Then the solution of system (3.1)) remains nonnegative for all t > 0. Hence, the positive orthant R, is forward invariant
under the flow of the fractional HBoV model.

Proof. In order to ascertain the positivity of solutions, an examination of the behavior of the system on the boundary
hypersurfaces corresponding to vanishing population components is conducted.

The evaluation of the right-hand sides of the system on each boundary produces the following result:

“DPS(t)]g_, =N >0,
“DYE(t)|,_, = BSI >0,
“DRIt)|,_,=0cE >0,
“DYT(t)] ;=71 >0,
“DFH(t)] y_o =1l >0,
“DEP(t)] p_y = 1T +mH >0,
“DyR(t)|,_, = pP > 0.

It is evident that all expressions on the right-hand side are nonnegative under the condition that the state variables
are nonnegative. Consequently, at each coordinate hyperplane, the corresponding fractional derivative points inward
or tangentially to the feasible region.

According to Corollary once a state variable has been initialized with a nonnegative value, it is impossible for
that variable to decrease below zero. Therefore, it can be concluded that every solution trajectory remains confined to
the set R”, for all future times, thereby completing the proof. O

Theorem 3.4. Let the initial conditions of the fractional HBoV model satisfy

Then, for any finite time interval [0,T)], the fractional order system (3.1) admits a unique solution that remains in the
feasible region Q* C R, for all t > 0.

Proof. Consider the bounded set

@ = {(S,B,1,T,H, P, R) € R} : max{|s], ||, 1], T|, |H|,|P|, |R]} < M, M >0}.

Let X = (S,E,I,T,H,P,R)T,and Y = (S',E',I',T", H', P', R")T be arbitrary elements of Q*, and denote by F(X)
the vector field associated with system (3.1)), that is, “ D¢ X = F(X).

The utilization of the L; norm results in the following outcome:

7
1E(X) = F(Y)[l = Z [Fi(X) = Fi(Y)].
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From the structure of the model equations and the bilinear incidence term, the following estimate holds:

|FU(X) =P (Y)| = | = B(ST=5'T) — u(S— 5"
< B(IS = SN+ I = I'|]8']) + plS = 5|
< (BM +p)|S = S|+ BM|T - I'l,
[Fo(X) = Fo(Y)| = [B(ST = S'T') — (0 + p)(E — E')|
<BM(S = S|+ I =I') + (o + p)|E - E'l,
|F3(X) = F3(Y)| = [o(E — E") = (t +n+p)(I - I')|
<GlE—-FE|+ (T +n+pll-T1],
|Ey(X) = Fy(Y)| = [7(I = I') = (v + p)(T = T")]
<7 =T+ (v +p)|T =T,
|F5(X) = B (V)| = [n(I = I') = (v + p)(H — H")|
<l =T'|+ (v + p)|H — H'l,
|Fos(X) = Fo(Y)| = [v(T = T") +y(H — H') = (p + p)(P — P")|
ST =T'[+wm|H - H'|+ (p+ p)|P - P,
[F7(X) = Fr(Y)| = [p(P = P') = u(R - R)|
<p|P—P|+ulR-FR|

After summing all the previously mentioned inequalities, the following conclusion is reached:
I1F(X) = FY)h < LIIX =Y,

where
LzmaX{%MJru, 20 + i, 2(BM + T +n) + py 290 + 1y 27 + 1y 2p + u}-

Therefore, the vector field F satisfies a Lipschitz condition with respect to the state variable on the domain specified
by the set of points Q* in the sense of Definition Furthermore, it is continuous in time. According to the standard
existence and uniqueness theorem for Caputo fractional differential equations, system admits a unique solution
on [0, T]. Furthermore, given that the domain of attraction, designated as 2*, is positively invariant, it can be deduced
that the solution remains within the confines of Q* for all values of ¢t > 0. O

4 Linear Stability Analysis and Sensitivity Analysis of the Basic Reproduction
Number

Following the formulation of the fractional order HBoV model and the establishment of its fundamental qualitative
properties, it is essential to evaluate the model’s long-term behavior. The present section indicates a strict analytical
model in order to calculate the stability of the equilibrium points and the main epidemiological parameters that affect
the threshold of disease persistence or extinction.
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4.1 Equilibrium Points

The disease-free equilibrium represents a situation in which Human Bocavirus transmission is absent from the pediatric
population. In this case, all compartments associated with infection and clinical progression disappear, F =1 =T =
H = P = R = 0. Substituting these conditions into system (3.I)) and setting © D& S(t) = 0 yields

A—pS =0,

from which the susceptible population at equilibrium is obtained as

A

I

S0 =
Consequently, the disease—free equilibrium point is given by

A
80—<70,0,0,0,0,0>.
"

This equilibrium corresponds to a population in which recruitment and natural mortality are balanced and HBoV
infection does not persist.

The endemic equilibrium describes a persistent circulation of HBoV within the population, characterized by strictly
positive infection-related compartments. Let £* = (S*, E*,I*,T*, H*, P*, R*) denote such an equilibrium, where all
components satisfy S* >0, E* >0, [* > 0,T* >0, H* > 0, P* > 0, and R* > 0.

Setting the right-hand sides of system (3.1) equal to zero leads to the algebraic relations

g B8 . oE*
S otp’ STt
together with
T « _ nl*
et Vot
T* H* P*
e e ke X A N 2
p+u p

Substituting these expressions into the susceptible equation yields a nonlinear equation for S*, which has a positive
solution whenever the infection can invade the population. The existence of such a solution is usually governed by the
basic reproduction number, the derivation of which is addressed in the next section.

Therefore, system (3.1I) admits at most two biologically relevant equilibria: the disease-free equilibrium &, and a
unique endemic equilibrium £*, provided that the appropriate threshold conditions are satisfied.

4.2 Basic Reproduction Number and its Sensitivity Analysis

The basic reproduction number, denoted by Ry, is defined as the expected number of secondary infections generated
by a single infectious individual introduced into a wholly susceptible population [48}/49]. It is a threshold parameter
that determines whether human bocavirus can invade and persist in a population.

The next generation matrix approach is employed for the derivation of Ry. Let X = (E,I)” denote the vector
of infected compartments that directly contribute to disease transmission. The remaining compartments are either
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uninfected or represent post-infection clinical stages; therefore, they do not generate new infections. Following the
standard decomposition, the dynamics of the infected subsystem can be written as follows:

DX = F(X) - V(X),

where JF represents the rate of appearance of new infections, and V accounts for all other transitions among infected
compartments. From system (3.1)), the corresponding components are given by

F(x) = <,BSI>, Y(X) < (c+mE )
0 (T+n+pl—ocE

The Jacobian matrices of ¥ and 'V evaluated at the disease-free equilibrium are

A
0 é, o+ pu 0
F= [ I V= .
0 0 -0 T+t

Since det(V') = (¢ + p)(7 + 1+ p) > 0, the matrix V is invertible and its inverse is computed as

N 1 T+n+u 0
(0 + p) (T +n+p) o o+

The next generation matrix is therefore given by

BAo BA
Fv=t = | wlo+u)(T+n+p) pwr+n+p)
0 0

The basic reproduction number Ry is defined as the spectral radius of FV !, which in this case reduces to its

dominant eigenvalue. Hence,
BAo

(o +p) (T +n+p)

Ry =

Sensitivity analysis plays an important role in the study of the dynamical behavior of epidemiological models partic-
ularly in the context of measuring the sensitivity of the R, to changes in parameters. As the value of the parameter, R,
is a critical value by which an infectious disease will transmit and survive within a population, by establishing the most
influential parameters, the researchers are able to prioritize the control strategies, as well as, to allocate resources
more effectively [50H54].

Memory effects and a lack of locality in modeling epidemics means that the system dynamics of fractional order
models might be affected by such effects, such that the relative significance of the parameters does not necessarily
match that of integer order models.

Sensitivity analysis, therefore, allows making useful information on which parameters influence the most the value of
Ry, and consequently, the overall potential of the transmission of the disease. Testing sensitivity indices indicate what
epidemiological processes are most important in controlling the disease. This information is useful for policymakers
because it helps them design targeted interventions that can efficiently reduce the disease burden.
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Figure 2: Normalized forward sensitivity indices of Ry for HBoV model

The following calculation determines the normalized forward sensitivity indices of Ry with respect to each model
parameter. These indices quantify the proportional change in Ry resulting from a proportional change in the corre-
sponding parameter. Thus, they provide a rigorous basis for evaluating the importance of each parameter.

To determine the relative influence of each parameter on the basic reproduction number, we employ the normalized
forward sensitivity index. For a parameter u, the sensitivity index of Ry is defined as

Rofi%
Xu _RO au

A positive index indicates that an increase in the corresponding parameter increases R, whereas a negative index
implies that an increase in the parameter decreases Ry. Using the above definition, the sensitivity indices of Ry with
respect to each parameter are obtained as follows:

TRO =1 TRO -1 TRO — M TRO - _1-— H _ 1Y

A TR 7 pto p+o  THn+p
TRO :_; TRO _ _L.

T Tt TN+ p

Using the parameter values in Table [2| Figure |2|illustrates the numerical sensitivity indices. The figure clearly shows
the relative influence of each parameter on the Rj.

The results reveal that R, is most sensitive to the recruitment rate, (A), the transmission rate, (3), and the natural
death rate, (u). Specifically, the sensitivity indices for the recruitment rate and the transmission rate are positive,
indicating that an increase in either parameter leads to a proportional increase in the basic reproduction number.
Conversely, p, 7, and n have negative sensitivity indices, implying that increases in these parameters reduce Rj.
From an epidemiological perspective, controlling the disease primarily requires reducing the effective contact rate and
limiting susceptible individuals from entering the population. Additionally, interventions that increase the removal or
recovery rate (through tau and eta) or enhance natural attrition will contribute to lowering Ry. Therefore, strategies
that target reducing transmission and increasing progression to non-infectious compartments are expected to be the
most effective in mitigating the spread of HBoV.
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Remark 4.1. The endemic equilibrium can be written explicitly in terms of the model parameters using the steady-state
solutions of system (3.1)). Let

ki=oc+p k=1t+n+p ks=vtp ki=yntp, ks=p+p.

Then, an endemic equilibrium £* = (S*, E*, I*,T*, H*, P*, R*) given by

k‘lkg k?@ ABO’ — ,ukilk‘z Aﬁo‘ — /Jk'lk‘g
5*27:77E*:7:k)R_17I*:7:kR—17
B0~ Ro Bhyo r(Fo—1) Bhrks s(fo—1)
« _ T(ABo — pkiks) «  N(ABo — pkiks)
7 = DAPT = M) (R — 1), H* = TAPO T HAR2) R 1),
Bl ksks o(fo 1) Bk kaky 0(Fo—1)
« _ (ABo — pkika)(nynks + Tyika)
P = =k —1
Bkikakskaks n(fo—1),
ABo — uki1k k k
Rr = PO Zihika)mynks £ 7eka) _ gy

Bkikokzkyksp

where kg = & k7 = %’f,ks = B kg = Zf- ko = g ki = plpynkatryhs) o — elmnks t73ka) - Rocqlling that the

e Bks Bkskaks Bkakaks
basic reproduction number is defined as
ABo
RO = )
,U,kl kQ

so the endemic equilibrium exists if and only if Ry > 1, since all components of £* are positive precisely when Afo—pukiky >
0.

4.3 Bifurcation Analysis

To investigate the stability switch of the system at the threshold Ry = 1, we apply the center manifold theory as
described by Castillo-Chavez and Song [55]]. The local asymptotic stability of an equilibrium point in the fractional
order system in equation of state is dictated by the inequality with respect to each eigenvalue of the Jacobian, i.e., the
inequality is | arg();)| > am/2 . At the critical point Ry = 1 (where 5 = §*), the Jacobian J(€) has one eigenvalue
equal to 0, and the rest of the eigenvalues fulfill the fractional stability criterion. In this case, the center manifold
theory can be generalized to systems of fractional order to study the nature of the bifurcation because, regardless, the
qualitative change in the stability at the origin of the bifurcation at the point where all constants are zero is similar to
that of the integer order case.

Theorem 4.2. As the basic reproduction number Ry passes through the unit threshold, the HBoV model described in system
([3.1) undergoes a transcritical bifurcation. Since the bifurcation constants ay and by satisfy a1 < 0 and by > 0, the system
exhibits a forward bifurcation at Ry = 1. Consequently, a stable endemic equilibrium &* exists for all Ry > 1.

Proof. Let (3 be chosen as the bifurcation parameter. The critical value 5* corresponding to Ry = 1 is calculated as:

g = Mot mr+n+p)
Ao '

A

}77

At 8 = *, the Jacobian matrix J(&() of the system at the disease-free equilibrium &, = (+,0,0,0,0,0,0) possesses a
simple zero eigenvalue (A = 0). The components of the right eigenvector w = [w1, wa, w3, wy, ws, we, wr]* and the left

eigenvector v = [vy, ve, v3, U4, Us, Vg, v7] associated with A = 0 are derived by solving J(&p)w = 0 and vJ(€y) = 0.
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Transcritical Bifurcation Diagram for HBoV Model
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Figure 3: Forward bifurcation diagram for HBoV model

For the right eigenvector w, we set ws = 1 (the infected compartment 1), which yields:

(o p) T+ p) THntp
wy = — 5 Wy = 3
o o

w3:1.

The left eigenvector v is normalized such that the scalar product v - w = 1 is satisfied. Setting v; = 0, the remaining
components are calculated as:
o o+

’U1:0, Vg = 5 V3 = .
THn+tput+o+p THn+tputo+p

Let f = (f1, fo,..., f7) represent the right-hand side of the system. We calculate the bifurcation constants a; and b;
using the following formulas:

7 7
82fk 82f k
a, = Z VEWi W) 5 , b= Z VLW, .
kyi,j=1 9z;0x; €9, k=1 O, 08 £o.,B"
The non-zero partial derivatives associated with these constants are:
Pfr _ge OPh _ 5 O _A
osor "7 9sol ToIoB

Substituting these values into the expressions for a; and b;, we obtain:

ar = 2vpw B = —2( o ) ((U+M)(T+n+u)> 8*,

TNt pto+p op
A o A

b1:’l}2w3*= —.
" T+n+put+to+pu/ p

It is evident that a; < 0 and b; > 0. According to the center manifold theorem, there exists a forward bifurcation at
Ry = 1. This behavior is numerically illustrated in Figure |3} which shows the stable endemic branch emerging as Rg
exceeds unity. O
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4.4 Stability Analysis

In order to determine the dynamical stability of the system, we analyze the dynamics of the model in the neighbour-
hood of the disease-free and endemic equilibrium points in this subsection. Using the linearization technique and the
eigenvalue criterion of the order of the fraction, we will determine the local asymptotic conditions of the stability, and
it will be the theoretical basis of the transmission potential of the disease.

Theorem 4.3. The disease-free equilibrium is locally asymptotically stable if Ry < 1.

Proof. Let J(X) denote the Jacobian matrix evaluated at a general state X = (S, F, I, T, H, P, R). Evaluating J(X) at
the disease—free equilibrium & yields

-n 0 =L 0 0 0 0
0 —k B4 0 0 0 0
0 o —k O 0 0 0
JE)=1]0 0 T —ks O 0 0
0 0 n 0 —k& 0 O
0 0 0 Yt Y —ks 0

0 0 0 0 0 p —u

The characteristic equation associated with J(&() admits eigenvalues

Al =—p, Xe=—ks, Ag=—ky, M= ks, A5s=—p,

and
. = Akt ko) — VANBuo + 12 (k1 — k)? \, = —Hky + ko) + VAABuo + pi2 (ky — ko)?
6 = 2 y A7 = 2 .
It is clear that the eigenvalues, A1, ..., \¢ , are strictly negative for all admissible parameter values. There-

fore, the local stability of £y depends on the sign of \7. Since i > 0, the sign of \; is completely determined
by the numerator. For local asymptotic stability of the disease—free equilibrium, it is necessary that this

numerator be negative, that is,
ANBpo < pP[(k1 + ko)? — (k1 — k2)?] = 44k ko.

Dividing both sides by 4;2k1ky > 0 gives Ry = ﬁf}f,‘;

A7 , have negative real parts. Consequently, all of the Jacobian matrix’s eigenvalues lie in the left half-

< 1. This implies that if Ry < 1, then the eigenvalues

plane, and the disease-free equilibrium, &, is locally asymptotically stable. Conversely, if Ry > 1, then the

eigenvalue \; becomes positive, which leads to an unstable equilibrium. O

Theorem 4.4 (Routh-Hurwitz criterion). [46]] Consider a characteristic polynomial
p(A) = A" + A" b a2 4 fay, a; € R.

All roots of p(\) have strictly negative real parts if and only if all the leading principal minors of the associated Hurwitz
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matrix are positive. For n = 3, all roots of p(\) have negative real parts if and only if
a1 >0, ag > 0, ajay > as.
Theorem 4.5. The endemic equilibrium is locally asymptotically stable if Ry > 1.

Proof. Evaluating J(X) at the endemic equilibrium &* gives

—pr*—pu 0  —=BS” 0 0 0 0
BI* -k BS* 0 0 0 0
0 o —k2 0 0 0 0
J(E") = 0 0 T —ks 0 0 0
0 0 n 0 —ks O 0
0 0 0 Y Y —ks O
0 0 0 0 0 p —u

From the endemic equilibrium expressions,

ke

S* == I = kg(Ro— 1
RO’ 8( 0 )7

it follows that S* > 0 and I* > 0 whenever Ry, > 1. The characteristic equation of J(E*) factorizes due to
its triangular block structure. In particular, the eigenvalues

M= —p, Ag=—ks, Az3=—ks, M= —ks,
are immediately obtained and are strictly negative. The remaining eigenvalues are determined by the
(S, E, I) submatrix
“BI*—u 0 —pS*
BI* -k BS”

0 o —k2
Characteristic equation can be written as

)\3+a1/\2+a2)\+a3 =0,

where a1 = SRoks — Bks + pu+ k1 + ko, as = BRo(k1 + k2)ks — B(k1 + k2)ks — %’?U + (k1 + ko) + k1ke, as =
BRok1koks — Bkikoks — 5“R—‘;k6 + pkiko. For Ry > 1, it is straightforward to verify that

ap > 0, ag > 0, az > 0.
Moreover, a direct calculation shows that
aras — ag > 0, for Ry > 1.

Hence, all the Routh-Hurwitz conditions for a third—degree polynomial are satisfied. Therefore, whenever
Ry > 1, all roots of the characteristic equation have strictly negative real parts. Consequently, the endemic
equilibrium, &%, is locally asymptotically stable for Ry > 1. O
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5 Numerical Solutions and Simulation Results

The nonlocal nature of fractional derivatives makes it hard to find analytical solutions for fractional order epidemic
models. The presence of memory effects in the Caputo operator complicates the analytical treatment of system dynam-
ics. Therefore, numerical simulations are essential for studying the temporal evolution of the model and validating
the theoretical findings from previous sections. To solve the proposed system (3.1]), we employ the generalized Euler
method which is a widely used technique for approximating Caputo fractional differential equations numerically. This
method provides a reliable, computationally efficient framework for capturing the long-term dynamics of fractional
order systems and has been shown to accurately reproduce fractional memory effects [|56,/57]]. Applying the general-
ized Euler discretization to the fractional order system yields a discrete-time formulation on a uniform temporal
grid, t;, = kh, where h > 0 denotes the time step size. The resulting numerical scheme is given by

Ski1 = Sk + r(ahiin (A — BSu Iy — uSk), (5.1a)
Epsr = Ej + F(Tin (,BSka —(o+ u)Ek), (5.1b)
Iy = I + F(ahijrl)(aE’“ — (T+7]+/L)Ik), (5.10)
Thrr = Th + F(;Jr 5 (71 — (o + T3, (5.1d)
Hipr = Hy + o (nfk — (o + i) ), (5.1e)
Pry1 = Py + (7 Te +vnHe — (p+ ,LL)Pk) (5.1
Rit1=Ri + F(Tj—l) (Ppk - MRk)- (5.1

Numerical simulations were carried out using the parameter values and initial conditions listed in Table 2| Different
values of the fractional order,«, are considered to examine the impact of memory effects on disease transmission
dynamics. The numerical results demonstrate how variations in « influence the speed of convergence to equilibrium
and the progression of the infection overall, thereby emphasizing the significant role of fractional dynamics in modeling
HBoV transmission.

Figures |4 and |5] illustrate the numerical solutions of the fractional order HBoV model obtained via the general-
ized Euler scheme for different values of the fractional order, « = 0.7,0.8,0.9, and 1.0. The findings indicate that
the fractional order is a pivotal factor in the temporal progression and timing of peaks across all epidemiological
compartments.

Figure 4| presents the time evolution of the susceptible S(t), exposed E(t), and infectious I(¢) populations. It has
been observed that decreasing the fractional order results in a more rapid depletion of the susceptible population.
Conversely, increasing « has been shown to decelerate this decline. Furthermore, a discernible shift in the peak times
of the exposed and infectious classes is evident as the parameter « varies. Specifically, smaller values of « result in
earlier growth and earlier peak times of F(t) and I(t), whereas larger values of a produce delayed and more widely
spread peaks. It has been demonstrated that increasing « enhances the memory effect embedded in the fractional
derivative, thereby slowing the progression of the disease and prolonging the transmission process. Therefore, the
classical integer order model (o = 1) predicts a longer epidemic duration compared to models with lower fractional
orders.
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Figure 4: Time evolution of the S(t),E(t), and I(t) populations of the fractional HBoV model
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Figure 5: Dynamics of the H(t), T'(t), P(t), and R(t) populations of the fractional HBoV model

Figure|5|illustrates the numerical trajectories of the hospitalized H (t), outpatient treatment 7'(¢), persistent infection
P(t), and recovered R(t) populations. The simulations demonstrate that elevated values of « result in postponed
peaks and protracted persistence in hospitalization, treatment, and persistence compartments. In contrast, for smaller
values of « these populations reach their maximum levels earlier and undergo more rapid decay. Furthermore, the
recovered population exhibits a slower accumulation trend as the fractional order increases. This observation suggests
that recovery processes are substantially influenced by fractional order memory effects. The findings indicate that
classical integer order models may underestimate the duration of hospitalization, treatment, and persistence phases.
In contrast, the fractional order framework provides a more realistic description of long-term disease dynamics and
healthcare burden.

Figure []shows the susceptibility of susceptible and infectious populations to the transmission rate /3 for two different
fractional grades @ = 0.8 and « = 1. An increase in § results in a faster decrease in the susceptible class which
reflects an increased infectious strength. This effect is more pronounced for larger values of the parameter 8 , where
the susceptible population rapidly falls to lower endemic levels. The infectious population exhibits concentrated
transmission, manifesting a higher and earlier outbreak peak as the parameter (8 increases. A comparison of the
fractional order case with the classical case reveals that smaller « values result in a memory effect that accelerates the
peak of the epidemic.
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Figure 6: Sensitivity of the S(¢) and I(¢) populations with respect to the transmission rate
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Figure 7: Sensitivity of the E(¢) and I(t) compartments with respect to the progression rate

As illustrated in Figure[7], the sensitivity of the exposed and infectious populations to variations in the progression

rate is depicted. As the parameter o increases, the exposed individuals progress more rapidly into the infectious class.
This results in a lower peak of F(t) and a slightly earlier activation of the infectious dynamics. In contrast, lower
values of o result in an increase in the residence time in the exposed compartment, thereby leading to elevated and
prolonged exposure levels. A comparison between the fractional order dynamics with o = 0.8 and those with o = 1
reveals a significant delay in the growth of both the exposed population, E(t) , and the infected population, I(¢) . In
particular, for o = 0.8, the exposed population displays a discernible temporal shift in its peak, thereby substantiating

the existence of hereditary effects that impede the progression of the disease.
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Figure 8: Sensitivity of the £(¢) and I(t) populations with respect to the persistence rate

As illustrated in Figure the sensitivity of the exposed and infectious populations with respect to the transition
rate is demonstrated. It has been demonstrated that an increase in 7 accelerates the removal of infectious individuals
from the I(t) class, thereby leading to a substantial reduction in the peak size of the infectious population. Conversely,
lower values of tau permit infectious individuals to persist in an active state for a greater duration, culminating in
elevated epidemic peaks. The effect of the fractional order is once again evident. In the case where o« = 0.8, both
E(t) and I(t) exhibit delayed peaks and more gradual decay compared to the integer order case. This phenomenon
underscores the stabilizing function of memory effects, which serve to mitigate the rapid escalation of epidemics and
extend the transient dynamics.

6 Conclusions and Policy Recommendations

This paper introduces a fractional order epidemiological model that captures the major structural and clinical charac-
teristics of HBoV disease in children. The model separates outpatient management and hospitalization routes hence,
displaying heterogeneity in clinical course and health care use. The model takes into account long term effects of posi-
tivity within a clinical context that can be depicted by the incorporation of a post-recovery persistence that conventional
models of epidemics often ignore. The mathematical analysis establishes that the suggested system is mathematically
well posed, in the sense that, it is positive, bounded, and solutions of the system exist and are unique. The result
of a stability analysis shows that the basic reproduction number is a decisive parameter with regards to establishing
the local stability of the disease-free equilibrium which is controlled by the threshold behavior. Sensitivity analysis
also determines which parameters have the highest impact on transmission potential, providing information on which
clinical and epidemiological factors could be the most useful targets of control strategies.

Numerical simulations performed at different values of the fractional order show that memory effects have significant
effects on the temporal dynamics of the system. The lower the fractional orders, the slower the convergence rate and
the longer the transient dynamics, which highlights the significance of nonlocal effects in model respiratory infections
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of children. The results indicate that the dynamics of the disease are more flexible and realistic represented by the
fractional order formulation as opposed to their integer order counterparts.

On the other hand, the numerical results have substantial implications on the health policy of the population as well
as clinical treatment of HBoV. In particular, given the sensitivity of the model to the fractional order, it is plausible
that classical integer order models can be overly optimistic in estimating the time of the epidemic but can be overly
pessimistic in the immediate scale of the healthcare load during the initial phases of an outbreak. From a policy
perspective, the fact that the peak has become accelerated with respect to lower fractional orders means that healthcare
facilities have to be ready to receive a large number of pediatric patients within a short time frame after the initial
cases. Moreover, evidence of persistence of the compartment results shows that there is a non negligible fraction
of the population that will be in post-recovery positive status in the long term. This requires long-term monitoring
mechanisms and indicates that the requirements of saturation of pediatric patients should be strictly established so as
not to discharge early and waste resources on the improper management of them. The policymakers are encouraged
to pay attention to the rates of outpatient treatment to hospitalization transition.

In conclusion, this study demonstrates that the epidemiological spread of the virus should be regarded as well as
the clinical pathway to be applied to the measurement of the burden of HBoV infection in children. The presented
modeling framework will add a new analytical instrument in the connection between the dynamics of transmission and
healthcare demand, and it will provide the basis of future expansion including other clinical information, intervention
policies, or optimal control processes.
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