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Abstract: Measles is a communicable disease that mainly spreads through body contact, posing a serious
public health challenge, especially in low-resource settings. Kwale and Kilifi counties continue to record
high measles outbreaks despite the availability of vaccines. Emphasising the need for a deeper insight into
the factors that drive the spread of measles and its control strategies, the study developed a compartmen-
tal model with treatment and vaccination strategies to analyse measles transmission. The next-generation
matrix technique was applied to determine the basic reproduction number. The equilibrium stability was
analysed using the Jacobian matrix, eigenvalue analysis, and Lyapunov function. The normalised forward
sensitivity index method was used to identify key drivers of measles transmission. The simulations were
performed in MATLAB to evaluate the effectiveness of vaccination and treatment on measles transmis-
sion. Monte Carlo results indicate strong model parameter estimates and a good model fit. The model
ensured the positivity and boundedness for a feasible population dynamic. The results demonstrate that
the reproduction numbers of Kilifi and Kwale counties are 1.212 and 1.517, respectively, which signify
the persistence of the disease. The equilibrium of the disease-free state is unstable with a stable endemic
state. The susceptible population, infection, treatment, and death rates are the parameters that influence
measles transmission. The findings emphasise the need for strengthening both vaccination and treatment
as control measures to eliminate measles and reduce its burden in the population of children in high-risk
regions.

Keywords: Compartmental model; Basic reproduction number; Stability analysis; Normalised forward
sensitivity index; Lyapunov function.
AMS Math Codes: 92D30; 37N25; 65N99.

1 Introduction

Measles is a significant global health challenge for children. Out of 10.3 million measles cases, 107,500 deaths have
been reported globally due to low vaccination coverage [1]. The number of deaths resulting from low vaccination
coverage is estimated at 107,500 out of 10.3 million cases reported globally [1]. Children remain highly vulnerable to
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measles, attributed to factors such as delays in seeking treatment, immature immune systems, waning immunity, and
incomplete vaccination [2}3]]. Other factors include poor infrastructure and regular social interactions, particularly in
school and community settings. This emphasises the urgent need to enhance understanding of measles transmission
dynamics and its control strategies to effectively eliminate its spread. A report published by [4] clearly shows that the
Kwale and Kilifi counties have recently recorded a total of 1,543 measles cases with 11 measles-induced deaths. This
highlights the significant need to tailor the study to these two regions, helping to understand the drivers of measles
transmission and facilitating the formulation of appropriate decisions aimed at eliminating the disease in these regions.

The compartmental mathematical model provides useful information on the spread of the disease and methods
of control. Most existing studies have used compartmental models to examine disease dynamics and evaluate the
effect of intervention measures. A research study conducted by [5] formulated a model to analyse the effect of
vaccination on measles transmission. The findings demonstrate that improved vaccination is the most effective tool
to reduce measles infections, stabilising the disease-free equilibrium. However, the study fails to account for vaccine
boosters, the application of real data, and treatment. The study suggests that future research should incorporate
vaccine boosters, use real data, and integrate treatment. The current study overcomes these weaknesses by using real
data and incorporating treatment in modelling measles transmission. A study conducted by [6] in the United States,
analysing recent measles outbreaks, found that the challenges facing the public health sector and vaccine hesitancy
are the main causes of measles outbreaks. This study did not incorporate a modelling approach, which the current
study overcomes by modelling the impact of vaccination and treatment interventions. [7]] developed a mathematical
model with passive immunity to conduct sensitivity analysis. The model was used to identify the most influential
parameters on measles transmission dynamics that can be controlled to reduce transmission in the population. The
study identified vaccination and contact rates as the key drivers of disease spread. However, this study did not focus
on any specific population age or region. Therefore, the current study addresses this by focusing on children under ten
years old in the region of Kwale and Kilifi counties. A mathematical modelling framework was formulated by [8]] that
incorporated both vaccination and treatment to control disease spread. The study found that integrated therapy and
vaccination reduce the spread of measles. However, the study was generalised and did not focus on specific population
age groups or regions. The ongoing study bridges this gap by developing a model that focuses on children under ten
years of age in the region of Kwale and Kilifi counties. Another study by [[9] developed a mathematical model under a
non-singular kernel. The model was used to analyse the impacts of vaccination on measles dynamics using the Euler
method. The outcomes of the study show that vaccination, quarantine, and treatment decrease measles infections.
Despite the progress made, the study failed to focus on specific regions. Therefore, the current study fills that gap by
tailoring the study to the region of Kwale and Kilifi counties, which are experiencing high outbreaks of measles.

The majority of existing studies use traditional mathematical models, which consider vaccination as the only inter-
vention, as demonstrated by [5,7,(9]. These models are generalised, ignoring both age and regional specifics. They also
pay little attention to vulnerable populations, particularly children under ten years of age. This research, therefore,
seeks to fill these gaps by developing a mathematical model that includes both vaccination and treatment strategies.
The model is used to analyse the impacts of these two strategies on measles transmission among children under ten
years of age in Kilifi and Kwale counties in Kenya. Addressing this gap will provide a more accurate understanding of
measles transmission dynamics in high-risk regions and support the formulation of targeted policy interventions. The
study uses techniques such as the next-generation matrix method to determine the rate of spread, Jacobian matrix,
eigenvalue analysis, and Lyapunov function to determine the stability of equilibrium points, and the normalised for-
ward sensitivity index method to identify parameters influencing transmission. Numerical simulations in MATLAB are
used to evaluate the impacts of vaccination and treatment on transmission.

The following sections of the study are organised as follows: In Section 2, we present the model formulation and
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assumptions to assist in the modelling of the study and analysis. Section 3 contains data sources, parameter estimation,
uncertainty intervals, model validation, and goodness of fit. In Section 4, we provide model analysis, including
positivity and boundedness, equilibrium, basic reproduction number, stability and sensitivity analysis, and finally,
numerical simulation. Section 5 presents the results of all analyses, while Sections 6 and 7 contain the discussion and
conclusion, respectively. These are followed by the authors’ contributions, conflicts of interest, ethical statements, and,
finally, the references cited in the study, listed in the order in which they appear in the text.

2 Model Formulation and Assumptions

The model is formulated by extending the standard SIR framework with vaccination and treatment strategies. It repre-
sents mathematical SVITR compartmental frameworks that describe the transitions of children in the presence of these
strategies. The overall population is represented by N(¢) and divided into five groups: susceptible (S(¢)), vaccinated
(V(t)), infected (I(t)), treated (T'(t)), and recovered (R(¢)) population at time ¢. The susceptible population increases
with the acquisition of new members, either due to immunity loss among the vaccinated people or births. Only the
vaccination of susceptible people leads to the expansion of the vaccinated population. However, they may experience
vaccine failure or waning of immunity over time, which causes them to move to either the susceptible or infected class,
leading to a decrease in the vaccinated population. Infection occurs through effective contact between susceptible and
infectious persons. It occurs by the nonlinear term 55(¢)I(t), where S is the rate of infection. Cured children develop
long-lasting immunity, which makes them immune to reinfection. Disease-induced deaths only occur in the infected
and treated compartments, while natural mortality occurs in all compartments.

The model assumes the population is homogeneous, simplifying it by treating all individuals the same, despite the
fact that populations are heterogeneous. It can be improved with location-based or age-structured models. Vaccina-
tion of individuals is assumed to occur at a steady rate 7. In reality, the rates of vaccination vary due to seasonal
programmes, disruptions, or policy changes. Immunity is assumed to decrease steadily at a rate w. In practice, this can
differ depending on the vaccine types and individual response. The rate of transmission between susceptible and infec-
tious individuals occurs through effective contact at a constant rate 3. It presupposes constant transmission between
susceptible and infected individuals. That rate of transmission may vary depending on the behavioural or environmen-
tal circumstances. Vaccinated individuals achieve immunity at a constant rate «, and vaccine failure occurs at a rate
k. This explains why the efficacy of vaccines is not 100 per cent, which is realistic for vaccines. Infected individuals
get treated at a steady rate « and get cured or die because of measles at rates v and §, respectively. These rates are
calculated using the observed data. They are assumed to be constant, but in practice, they might vary depending on
the severity of the disease, availability of healthcare, and effectiveness of treatment. Natural death is assumed to occur
in all compartments at a constant rate . Disease-induced death is assumed to occur only in the infected and treated
compartments at a constant rate ¢. In reality, these rates can change depending on improvements in health. The
disease continues to spread when %R, > 1 and vanishes when Ry < 1. This threshold helps determine when outbreaks
need to be controlled using interventions. A stable disease-free equilibrium is assumed to be achieved when the value
of MRy is less than unity. On the other hand, the endemic equilibrium is reached when the %R, value is above unity,
ensuring biological feasibility in measles transmission. It is assumed that the model is a deterministic nonlinear ODE
system. All rates are constants to simplify the model analysis and make it mathematically manageable.
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Figure 1: Diagram illustrating SVITR Model for Measles Transmission.

Figure 1 demonstrates a compartmental model representing the measles transmission dynamics. The model includes
five compartments: Susceptible (S), Vaccinated (V), Infected (I), Treated (T), and Recovered (R). The model describes
the flow of individuals between these compartments, influenced by vaccination, infection, treatment, recovery, and
death rates. The system of ordinary differential equations of the model is given by:

ds
%:WS—(OJ'FN—FIC)‘/,

dl
%:ﬁSI—I—kV—(a-i-&-i-u)I,
dT

dR

— =T — .

g =T ek

The model’s equations are subject to the initial conditions at time ¢ = 0, given by:
5(0) = S0, V(0)=Vo, I(0)=1Iop, T(0)=To, R(0)= Ro.
Here, So, Vo, Io, Ty, and Ry are non-negative constants representing the initial sizes of the susceptible, vaccinated,

infected, treated, and recovered populations, respectively.

3 Data Source and Parameter Estimation

3.1 Data Source

The historical epidemiological data concerning measles for children under ten years of age were collected from the
public health records of Kwale and Kilifi counties. The data covered a period of ten years, from January 2015 to the
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end of December 2024.

Table 1: Kwale County Measles Data for Children under Ten Years of Age

Year Newborns Susceptible Vaccinated Infected Treated Recovered Measles deaths

2015 23,455 222,430 39,455 69 66 62 1
2016 29,699 229,047 40,694 77 71 69 2
2017 35,076 235,825 31,718 93 93 6 87
2018 32,718 242,677 44,714 111 108 108 1
2019 33,768 262,032 41,844 184 183 174 9
2020 32,826 269,790 43,290 112 110 110 1
2021 34,020 277,882 53,325 421 418 418 2
2022 35,298 286,313 51,237 137 136 136 1
2023 36,608 295,087 61,129 363 360 360 1
2024 37,985 304,209 55,322 388 386 385 1

Table 2: Kilifi County Measles Data for Children under Ten Years of Age

Year Newborns Susceptible Vaccinated Infected Treated Recovered Measles deaths

2015 30,650 366,314 45,755 149 147 143 4
2016 32,795 375,614 56,610 97 96 93 3
2017 24,369 385,776 48,479 43 42 41 1
2018 38,865 396,205 68,550 49 46 45 1
2019 40,385 407,016 70,512 152 149 143 5
2020 40,114 417,042 68,171 645 637 618 19
2021 42,483 427,098 75,786 502 499 484 15
2022 45,457 437,295 73,676 144 143 139 4
2023 42,685 447,593 75,038 351 351 348 3
2024 38,549 458,054 79,507 364 362 350 12

Tables 1 and 2 display the secondary data gathered from the health records of Kwale and Kilifi Counties, respec-
tively. The data collected include newborns, individuals at risk, individuals vaccinated, individuals treated, individuals
infected, individuals recovered, and disease-induced deaths. These data are used to compute some of the model pa-
rameters. In 2017, Kwale County recorded a high number of deaths (87) and a few recoveries (6). This is due to
inadequate treatment, treatment delays, or a poor infrastructure. These factors hindered effective treatment for all
infected individuals, leading to high mortality in regions with low-resource settings, such as rural areas.

3.2 Estimation of Model Parameters and Uncertainty Intervals

The SVITR model parameters were estimated based on the secondary measles data, which were collected in Kwale and
Kilifi counties for a period of ten years, from January 2015 to the end of December 2024. The estimation of parameters
was performed in MATLAB using pooled deterministic computational formulas based on compartment relationships.
To minimise variability, annual observations were aggregated to obtain averages. Other parameters were obtained
directly from existing literature and published reports due to the unavailability of data from public health records.
These parameters include the vaccine failure rate (k), vaccine waning rate (w), and natural death rate (u). All the
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parameters were expressed per year (year !). The total population is:
N@t)=S@t)+V(#)+I(t)+T(t) + R(t)

with deterministic formulas:

Recruitment rate (A) = w,
Infection rate (§) — 2= (Neg ggf(jitf?z t;() V),
Vaccination rate (7) = gg((tt)),
Disease-induced death rate (§) = Zzhﬁi?:;ej (;e(j;ls
Treatment rate (o) = é{((tt;

Recovery rate (y) = %?Eg,

where ¥ represents the summation.

Uncertainty analysis was conducted to determine the strength of the estimated parameters through a Monte Carlo
approach [[10]. MATLAB was used to perform one thousand simulations on the observed county-level input data. The
values were varied within +=10% of the reported values. This represents the potential variation in measurements and
reporting. In each simulation, parameters such as A, 3, «, §, «, v, and Ry were recomputed. This was done using
deterministic formulas. The obtained distributions were used to compute 95% uncertainty intervals. The intervals are
based on the 2.5th and 97.5th percentiles of the simulated values.

Table 3: Parameters Values and Uncertainty Intervals (UI) for Kwale and Kilifi Counties

Parameter Description Kwale Values Kwale UI Kilifi Values Kilifi Ul Source
A Recruitment rate 0.107 0.102 -0.112 0.079 0.075 -0.083 Estimated
Ié] Infection rate 1.186 1.175-1.198 1.169 1.159 - 1.180 Estimated
T Vaccination rate 0.176 0.167 - 0.185 0.161 0.153-0.168 Estimated
w Vaccine waning rate 0.05 - 0.05 - [11]
k Vaccine failure rate 0.03 - 0.03 - [12)13]
1 Natural death rate 0.007 - 0.007 - [14]
0 Disease-induced death rate 0.027 0.025 - 0.030 0.014 0.013-0.014 Estimated
« Treatment rate 0.988 0.930 -1.051 0.989 0.925-1.052 Estimated
y Recovery rate 0.949 0.894 -1.011 0.973 0.910 - 1.037 Estimated

Table 3 displays the model parameters estimated along with their respective 95% uncertainty intervals. The uncer-
tainty limits indicate the fluctuation of the input data. They also indicate the strength of the estimated parameters
based on the data collected. The vaccine waning and failure rates were sourced from established literature [11]]
and [12,[13]], respectively. The natural death rate was obtained from the published report [[14]]. We appreciate the
counties of Kwale and Kilifi for providing the measles secondary data for this study. It enabled the estimation of
parameter values and analysis. The parameter values were used in data analysis and the numerical simulation.
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Kwale County (R? = 0.764) vs Kilifi County (R? = 0.823)
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Figure 2: Model Fitted Versus Observed Infection Data for Kwale and Kilifi Counties

3.3 Model Validation and Goodness-of-Fit Assessment

The model validation was achieved by comparing the observed data 4., (t) with the predicted infected population
Imodel(t). The objective function is defined as the sum of squared errors between the predicted and observed data, as
follows:

n

J(G) = Z (Imodel(ti) - Idata(ﬁi))2
i=1
where 6 represents the parameter set to be estimated, and n is the number of observations. The goodness-of-fit was
measured both qualitatively and quantitatively. The goodness of fit was estimated using the Root Mean Square Error

(RMSE):

n

1
RMSE = E Z (Imodel(ti) - Idata(ti))2

i=1
and the coefficient of determination:

R2 1— Z?:l (Irnodel(ti) - Idata(ti))2
n 7 2
Zi=1 (Idata(ti) - Idata)

where I, = % > 1 Tdaa(t;). All calculations were done in MATLAB to provide accurate data and well-fitted curves.

Figure 1 demonstrates the model fitted against the observed infection in Kwale and Kilifi Counties. The plots are
used to compare the time-dependent observed measles cases with the model-predicted values. Markers represent the
observed values, and solid lines represent the model-fitted values. A value of R2 near one indicate that the model fits
well with the observed data.
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4 Model Analysis

4.1 Positivity and Boundedness Analysis

To make the SVITR measles model epidemiologically valid, all the model’s variables are positive at all times, ¢t > 0.
The model is given as:
R = {(S,V.I,T,R) e R* | S,V,I,T,R > 0}.

The whole population is defined as:

N(t)=5St)+V(t)+I(t)+T(t) + R(t).

Adding the equations, we obtain:

dN
— =A—uN-6I+T).
o 1 (I+7)
Since (I +T) > 0, then:
dN
— < A—puN.
a =K
By the comparison theorem:
A A
N(t) <=+ (N(0) — =)e .
(t) m (N(0) u)

As time ¢ approaches infinity, the maximum population is given as:

A

N(t)gﬁ

Therefore, the model’s feasible region is:

0= {(S,V,I,T,R) ER:0<N(@) <

==

b

4.2 Equilibrium Analysis

The qualitative dynamics of the measles transmission model, described by differential equations, are investigated in
this study. The two biologically stable equilibrium states are:
At the disease-free equilibrium, satisfying £ = (S°,V°,0,0,0), where:
S0 A k
ve=—"2 _ and S§°= wtpth)
wH+p+k (m+p)(w+p+k)—wr

At the disease-free equilibrium E°, the feasible region is given by:

A
Q% = {(S,VJ,T,R) ERS:0<S'+V0< }
I

Therefore, E° is biologically acceptable when S° and V' are positive, and their sum is no more than % Thus, S° and
V0 are the variables that define the disease-free equilibrium point E°.

At the endemic equilibrium point, satisfying E* = (S*,V*, I*,T*, R*) when I* > 0, derived by equating the right-
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hand sides of the model’s equations to zero:
dS _ v _dI _dT _dR _
dt dt dt dt dt

Based on the equations of

‘Z—V dT "and 4£ the dependent compartments are expressed in terms of the variables S*,

to dt’ dt
T*, and I*:
*::4413244,’ T* :‘44g£44,7 and R* = 71‘_
wHpu+k YA+ p+6 1
Substituting V* into % at the endemic equilibrium (EE) yields:
TS*
0=88"T"+k| ——m ) — ) I*.
B + (erquk) (a+0+4p)

For a positive I* at EE, it exists when R, > 1. By making I* the subject of the formula, we get:

kmwS*
(wWHp+Ek)(a+d+p) — BS*

*

The S* is obtained by substituting V* into % at EE:

wmS*
=A+——— —(BI *.
0 er—i—u—i—k: (BT 4+ p)$

Making S* the subject of the formula:
A

S = —
51 +7T+,Uz*m

The endemic equilibrium E* exists and is biologically meaningful when the denominator of the formula for I* is
greater than zero. Substituting S* into I* yields:

A
[ br |

@+ p+k) @+ 0+ ) — | rrd—e]

Expanding it leads to:
A(I*)?+BI*+C=0

where:

wTm

A(W+N+@@+5+M@B(w+ﬂ+m{m+5+m(ﬁ+ﬂw+u+k

) - ﬁA} ,C' = —krA.

The solutions for I* are:

[ —B++vB2—4AC
a 24 ’

We only consider the positive root of I* satisfying 0 < S* < (a + 0 + p)5. This ensures that S* and I* remain
non-negative. Here, I* represents the infected population at endemic equilibrium, indicating the steady-state level of
infection and the long-term disease burden, which is essential for evaluating intervention effectiveness. At the endemic
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E*, the feasible region is given by:

Q = (S V" I" T"R") eR,L: 0< (S*+V*+I"+T* + R*) <

==

Substituting the variables at equilibrium points with the mean parameter values in Table 3 yields the values presented
in the table below.

Table 4: Variables at Equilibrium Points.

County S0 Vo S* V* I* T R*
Kwale 1.307 2.644 0.557 1.127 0.093 0.093 12.608
Kilifi 1.047 1.938 0.510 0.944 0.068 0.068 9.452

Table 4 displays the susceptible, vaccinated, infected, treated, and recovered populations at the disease-free and
endemic equilibria. These populations define the possible regions at the disease-free E° and endemic state E*. The
population in each compartment remains constant due to balanced inflow and outflow. The S° values are further used
in the calculation of %R, values.

4.3 Basic Reproduction Number

The reproduction number of the model’s equation is computed using the next-generation matrix method. It involves
splitting the model into new infection terms and transition terms, denoted by matrices M and N, respectively. In the
case of the SVITR measles model, the infectious compartments are the infected and treated (/ and 7) [[15517]]. The
corresponding matrices are given by:

BSI + kV
0

(a+d+p)I

M:
—al+(y+p+0)T

)

Evaluating matrices M and N at the disease-free equilibrium yields:

M:[ﬁS 017 N a+0+u 0

—a YA+ pu+6

0 0

The determinant of matrix NV is calculated by subtracting the product of its off-diagonal elements from the product of
its main diagonal, as:

det(N)=(a+d+u)(v+p+9)— (—a)(0) = (a+ 5+ pu)(v+ 1+ 9).

The inverse of matrix NNV is obtained as:

4 1 YHp+d 0 _ s 0
= - — 1
(@454 p) (y+p+9) a a+d+p | e o GTATs)  7TaTe

Thus:

—1 0
-1 o+
N it L

—x
(atd+p)(y+p+0)  y+p+o ]
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which is non-singular. Therefore, the next-generation matrix (NGM) at the disease-free equilibrium (DFE) is given by:
Q=MN"1
Substitute matrices M and N~! into the formula of @), we obtain:

x 1 35°
Q=" | R I ez
0 0 . 0 0

1
(ato+p)(y+p+o)  y+p+o

Therefore, the magnitude of the spectral radius of matrix ) gives the reproduction number as:

_BS
a+d6+p

Ro =

Epidemiologically, R provides information on whether the disease is spreading or dying in the population. The
disease is sustained when $Ry > 1, it dies when Ry < 1, and reaches the threshold when Ry, = 1, showing that the
disease is neither spreading nor dying. Substituting elements in the %Ry formula with parameter values in Table 3, we
obtain Ry = 1.517 (95% UIL: 1.4041-1.6383) for Kwale County and g = 1.212 (95% UI: 1.1155-1.3105) for Kilifi
County.

4.4 Local Stability of Disease-Free Equilibrium (DFE)

The local stability of the disease-free equilibrium (DFE) is examined using the Jacobian matrix of the model’s equations.
At the DFE, the infected compartments vanish, that is, I = T° = R° = 0, and the equilibrium point is denoted
by EY = (5°,V°,0,0,0), where S and V" represent the susceptible and vaccinated populations, respectively, at
equilibrium. The general Jacobian matrix of the model’s equations is given by:

Linearisation of the model’s equations yields the Jacobian matrix J as:

—(BI+m+p) w —BSo 0 0

71' —(wH+p+k) 0 0 0

J = BI k BSo— (a+d+p) 0 0
0 0 a —(y+pu+d) 0

0 0 0 0% —
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Evaluating the Jacobian matrix J at the DFE yields:

—(m+p) w —B3S° 0
7 —(w+p+k) 0 0 0
J(E®) = 0 k BSC — (a+ 6+ p) 0 0
0 0 a —(y+p+46) 0
0 0 0 ol —u
Its characteristic equation is:
|J(E) — M| = 0.
Substituting matrix J(E°) into the characteristic equation yields:
—(m4p) = A w —BS° 0 0
7r —(w+p+k)—X 0 0 0
0 k BSO — (a+d+4p)— A 0 0 =0.
0 0 o —(y+p+06)—A 0
0 0 0 ¥ —— A

The eigenvalues of the matrix are given directly by its diagonal elements due to its triangular form:
M=—(mtp), lo=—(wtptk) A=p85"—(a+d+pn), M=-(v+p+d), Xs=—u

Substituting eigenvalue inequalities using parameter values summarised in Table 3 yields:
Kwale County:
A = —0.183, Ao = —0.087, A3 =+40.530, XM4=—-0.980, X5= —0.007

Kilifi County:
A = —0.168, Ay = —0.087, A3 =+40.213, My =-0.958, A5= —0.007

The stability of the equilibrium is determined by analysing the sign of the eigenvalues. If the eigenvalues have all
negative real parts (\ < 0), the equilibrium is locally asymptotically stable when 9Ry < 1. This implies that the disease
dies out in the population. On the other hand, when any real part of an eigenvalue is positive (A > 0), the DFE
is unstable when 2Ry > 1, indicating the persistence of measles in the population. In our study, it implies that the
disease-free equilibrium is unstable since one of the eigenvalues is positive.

4.5 Local Stability of Endemic Equilibrium Point (EEP)

The endemic equilibrium E* = (S*,V*, I*, T* R*) is a solution that exists when I* > 0 and R > 1, ensuring that all
compartments are non-negative. Evaluating the Jacobian matrix (J) at the endemic equilibrium gives:

—(BI* + 7+ p) w —-BS* 0 0

™ —(w+p+k) 0 0 0

J(E*) = BI* k BS* — (a+ 0+ p) 0 0
0 0 o ~(y+pu+d) 0

0 0 0 ol —
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Its characteristic equation is:
|J(E*) — X| =0.

Substituting Jacobian matrix J(E*) into its characteristic equation, we obtain:

—(BI* + 7+ pu) — A w —BS* 0
71' —(WHp+k)—A 0 0 0
0 BS* —(a4+0+p)— A 0 0 =0.
0 0 o) —(y+p+0)—A 0
0 0 0 v —p—=A

The eigenvalues are obtained directly from the diagonal elements of the Jacobian matrix. The determinant is the
product of the terms on the diagonal:

M=—BF+7+pn), o=-w+p+k I=8S"—a+d+p M=—7y+p+d6, I=—pu

At the endemic equilibrium, the condition 85* — oo+ § + p < 0 holds, ensuring that the eigenvalues are all negative.
Substituting the eigenvalue inequalities using parameter values in Table 3 yields: Kwale County:

A = —0.205, X =—0.087, \3=—1.021, \;=—0.980, \5=—0.007.

Kilifi County:
A = —0.205, Ao =—0087, A3=-0.973, A= —0.993, A;=—0.007.

If the real parts of the eigenvalues are all negative, the equilibrium is locally asymptotically stable when %R, > 1.
If one of the eigenvalues is positive, the equilibrium is unstable and occurs only when Ry < 1. For this study, all the
eigenvalues are less than zero (A < 0), indicating that the equilibrium is locally asymptotically stable, supported by
PRo > 1 in all counties. This implies the persistence of the disease in the population.

4.6 Global Stability of Disease-Free Equilibrium

Here, we apply a Lyapunov function to analyse the global stability of the disease-free state. The function provides
a rigorous way to demonstrate that a system will always reach a disease-free equilibrium (DFE), regardless of initial
conditions. The Lyapunov function is constructed as follows:

5
Y;
L(S,V,I,LT,R)=>_f; (mmo—mny)  fi>0
i=1 0

where Y; represents the model variables (S, V, I, T, R) and Y;, represents to the population at the disease-free equilib-
rium. The Lyapunov function is given by:

I
L(S,V,I,T,R):fl S—|-S()—Sohlé + fa Vv—|-‘/0—V0hlK + f3 I+ 1p—Ipln—
So Vo Iy

T R
+fa |\ T+To—Toln— |+ fs | R+ Ro — Roln — | .
To Ro
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Differentiating the Lyapunov function L with respect to time yields:

dL So\ dS av dl
7= h(1-%) 7R (-9) F e (-2) 5

TO dT RO dR
+f4(1_>dt+f5< _R> @

dS dV dI dT

S Gy G g and dR into the expression of w1th their right-hand sides, we obtain:

Substituting

%:f (15;5’) A+ wV = (BI+ 7+ p)S) + fo <1‘$> (7S — (w+p+k)V)

+f <1_I> (BST +kV — (a+ 6 + @)I) + fa <1_?> (@l = (y+ j1+ 6)T)

i <1 - I;) (/T = ).

Evaluating at the disease-free equilibrium, where S = S°,V =V, I =, =0,T =Ty =0,R = Ry = 0, and f; = 1 for
1 =1,2,3,4,5, the expression simplifies by cancelling the common terms:

dL

= kV° when R, > 1.
' when'Ry >

In conclusion, since both k and V? are greater than zero, it implies that L ~ (. In Lyapunov theory, global stability

dL
dt

not met for achieving global stability. Therefore, the disease-free state equilibrium is globally unstable according to

is achieved when < 0 when %Ry < 1 and ‘fﬁ = 0 only when 1nfect10n I = 0. Consequently, this requirement is

LaSalle’s invariance principle [18]].

4.7 Global Stability of Endemic Equilibrium Point

To understand the long-term behaviour of an infectious disease within a population, we shall use various studies such
as [8,[14,/19]. These studies have indicated that global endemic stability ensures that a disease will remain in the
population in the long run unless decisive measures are taken. It gives a theoretical foundation used for designing

interventions aimed at eliminating or controlling the disease. In this study, we seek to investigate the long-term
stability at disease equilibrium E*. The Lyapunov function (L) is developed as:

s (s-s-ra(2)) s (r-r-va(E)
+f3 <I—[*_[*1n<ll*)> + <T—T*—T*1n (5»
(oerra(d)
loera(d)
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with constants f; = 1 for i = 1,2, 3,4, 5. Using the chain rule:

dL _9L 0S 9L 9V 0L oI 0L OT 0L OR
dd 98 ot oV ot oI ot OT ot OR 0Ot

The partial derivatives of L with respect to each variable are:
dL S* oL i V*  OL I 0oL T 0L R*

ey [P e [P s S, A .
ds S’ 9V V' ool 1> aT T’ OR R

Substituting the right-hand side of 4%, 4L 4L "dL "apd 9% jnto the chain rule formula, we obtain:

L (55D E D) DE DR
dt S ) ot V) ot ot ot R ) ot
Substituting the right-hand sides of the model’s equations into the above expression yields:
oy (S e () et (i 5) e (1 5) a1 %)
(V) () (1 ) (1Y)
+BS1 (1—?) +kV (1—?) —04+5+,u[(1—1;)
+al (1— TT> — Y+ p+oT (1—7;)
(- T) (1),
We group the like terms together by letting A represent the positive terms and B the negative terms as follows:
() o (1) s (1Y st (1) e (1 1)
+al (1— 1;) +7T<1— }g>7
B=5SI<1—“§>+WS<1—§>+us<1—§>+wv<1—‘;>+uv<1_‘;>
+kV <1— “//*) +(a+5+u)I(1—I;) +(’y+u+5)T<1—1;> +uR<1— i:)

Rewriting the expression of ‘fﬁ , starting with the positive term A, followed by the negative term B, results in:

and

dL

—=A-B<0.
dt -
Hence,
dL
<0
dt —
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b < o, D < 0 with

Conclusively, due to the positivity of the model’s parameters and using the derivation 7
equality holding when S = S*,V = V* I = I*,T = T*, R = R*, the conditions for endemic stability are met.
Following [18]], the model solution set S(t), V (¢), I(t),T(t), R(t) tends to S*,V* I*,T* R* as time ¢ tends to infinity.
This, therefore, indicates that equilibrium at endemic E* is globally stable in the long term when Ry > 1. This is
because % < 0 satisfies the long-term stability of the disease equilibrium, as studied with the constructed Lyapunov

function.

4.8 Sensitivity Analysis

To investigate the key parameters influencing the basic reproduction number (Ry), we use the normalised forward
sensitivity index method. The method measures the parameters’ contribution to the disease dynamics and is defined
as [20,)21]]:

Ro _ ORo q

pRo — 2710

4 8(] 9%
where rg% represents the sensitivity index, ¢ denotes a model parameter, R, is the basic reproduction number, and
867920 is the partial derivative of JRy with respect to ¢q. The sensitivity indices for the key parameters are obtained as
follows: Positive impact on Ry:

Ro So So So Bla+ 3+ )
g0 = — . === . =1>0
Oz+(5+/l« Ro OZ+(5+/L BSO
)
oo B S B Slatitm
0 Oé+(5+/l Ro C¥+5+M BS()
Negative impact on Ry:
roo — a <0
' a+d0+u
Ro _ _ w
Ty a+5+u<0
9‘%0:_ 6 O
J a+d+p

Parameters that do not appear in the expression for %Ry have no effect on its value. Parameter values from Table 3 are
substituted into the sensitivity index inequalities above, and the results are presented in the table below.

Table 5: Model’s Parameters Sensitivity Index (SI) for Kwale and Kilifi Counties.

Parameter Description SI (Kwale)SI (Kilifi) Effect on 8y Reference
I5; Infection rate +1.000 +1.000 Strongest positive Estimated
SY  Susceptible population at equilibrium +1.000 +1.000 Strongest positive Estimated
o Treatment initiation rate -0.967 -0.979 Strongest negativeEstimated
7 Natural death rate -0.007  -0.007 Weak Estimated
) Disease-induced death rate -0.026 -0.014 Less weak  Estimated

Table 5 displays the parameters that most influence disease transmission. It describes how changes in each identified
parameter affect the reproduction number, thereby demonstrating the relative significance of individual parameters in
disease transmission.
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4.9 Numerical Simulation

The numerical simulations were performed in MATLAB over a period of ten years to capture the measles dynamics of
the model’s subpopulations. The parameter values presented in Table 3 were used in the simulations. The baseline
populations were taken as S(0) = 222,430, V(0) = 39,455, I(0) = 69, T(0) = 66, and R(0) = 62 for Kwale County,
and S(0) = 366,314, V(0) = 45,755, 1(0) = 149, T(0) = 147, and R(0) = 143 for Kilifi County. The population data
were normalised by dividing specific population values by the total population to minimise the values for graph fitting
and ensure accurate comparisons across counties.

5 Results

The results show that the SVITR model effectively represents measles transmission dynamics among children under
ten years. The outcomes of the uncertainty analysis using Monte Carlo are presented in Table 3, in columns 4 and
6. They indicate that the estimated parameters remained steady and robust within narrow confidence intervals under
a +10% variation in input data. Figure 1 demonstrates the comparison between the actual measles cases and the
model-predicted infection patterns of Kwale and Kilifi Counties. The R? = 0.764 and R? = 0.823 for Kwale and Kilifi
counties, respectively. This indicates a good model fit between the forecasted infection and the observed measles
data, implying that the model is able to effectively capture the major trends in the dynamics of measles. The model
validation exhibited a reasonable agreement between observed and simulated data. The analysis demonstrated a good
model fit in both counties, with R? = 0.764 and R? = 0.823, respectively. The positivity and boundedness of the model
demonstrates that the model’s variables are all positive. The overall population is restricted within a possible region
Q= (S,V,I,T,R) e R, : 0 < N(t) < % The basic reproduction number Ry = 1.517 (95% U : 1.4041 — 1.6383)
for Kwale County, and Ry = 1.212 (95% UT : 1.1155 — 1.3105) for Kilifi County. Their uncertainty intervals (UI) of
d 4L > 0 when

PRo > 1 indicates unstable equilibrium at a disease-free population in the local and global setting. This is because

% > 0 contradicts the Lyapunov theorem for stability, which states that for stability, the condition % < 0 must

be satisfied when P3g < 1. This is in accordance with LaSalle’s invariance theorem. For the endemic state, the

eigenvalues were all negative (A < 0), and for the Lyapunov analysis, % < 0 when Ry > 1. This analysis shows

that equilibrium at endemic is asymptotically stable in both local and global settings in both counties. The sensitivity

Ry are purely above one, indicating persistence of infections. A positive eigenvalue (A3 > 0) an

analysis outcomes are displayed in Table 4. The results show that the transmission rate (3), susceptible population at
disease-free equilibrium (SY), treatment rate («), disease-induced death (§), and natural death (1) are the parameters
that influence the reproduction number. These results are displayed in Figure 2 in the form of a bar chart for visual
comparison.

Figure 3 demonstrates the sensitivity index bar chart. It illustrates the effect of model parameters on infection dy-
namics. The bars provide an easy visual comparison of the effects of the parameters. The following curves represent
the numerical simulation results. Figures 4-9 illustrates how the changing rates of vaccination, infection, and treat-
ment affect the trajectories. Figures 4 and 5 show that an increase in vaccination coverage decreases the susceptible
population and increases the vaccinated population, and vice versa. Figures 6 and 7 indicate that a higher rate of
infection reduces the population at risk and accelerates the population of infected individuals, and vice versa. Figures
8 and 9 demonstrate that an increased treatment rate reduces the growth of infection and increases the speed of
recovery, and vice versa.
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Figure 4: Impact of Varying Rate of Vaccination on Susceptible Population
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Figure 6: Impact of Varying Rate of Infection on Susceptible Population
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Figure 8: Impact of Varying Rate of Treatment on Infected Population.
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Figure 9: Impact of Varying Rate of Treatment on Recovered Population.

6 Discussion

These findings indicate that the SVITR model developed describes the dynamics of measles transmission in the counties
of Kwale and Kilifi. It captures the public health interventions in efforts to eliminate the spread of measles in the
population of children below ten years old. The robustness of the parameter estimates, as indicated by the Monte
Carlo uncertainty analysis, implies that the model is stable and consistent. This stability holds even when tested under
variations in data. It shows that it is sensitive to changes in the input data. Therefore, the results obtained are more
likely to be relied upon. The simulated and observed data are well coinciding, which confirms the model as valid in
the two counties. The model’s good fit shows that the predicted values closely align with the actual observed data.
This confirms that the model is accurate and effectively captures the key trends in measles dynamics. However, the
slight discrepancy in the fit between Kwale and Kilifi counties suggests the presence of heterogeneity or unaccounted
factors that influence the transmission of the disease. The positivity and boundedness properties confirm that the
model is biologically and epidemiologically relevant, which gives realistic population dynamics. The high values of $R,
above one in both counties verify that measles is still spreading. However, the intensity of the transmission is higher
in Kwale than in Kilifi County. Kwale region has a 9y of 1.517, which indicates that one infected person can infect
an average of one to two new secondary cases. On the other hand, Kilifi County has a %Ry of 1.212, which shows
that one infected individual can infect one new secondary case. This difference could be linked to the dissimilarity
in vaccination coverage, susceptibility, treatment, or the effectiveness of other control measures. Therefore, to lower
Ro < 1, the result highlights the need to enhance combined vaccination, treatment, and other control measures to
eliminate measles transmission in a population of children under ten years old. The equilibrium at disease-free was
unstable in both local and global settings. This validates the fact that measles is able to continue to persist within
the population unless interventions are implemented. Kilifi County is slightly more unstable than Kwale County,
indicating its susceptibility to outbreak initiation. The instability observed in both counties underscores the need for
more intensive preventive strategies at the point of introduction. In both counties, the endemic state remains stable in
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both local and global levels, with Kwale showing a higher level of stability. This suggests that once measles becomes
established, the infection dynamics eventually settle into a steady endemic state faster in Kwale than in Kilifi County.

The sensitivity analysis indicated that the positive key drivers of new infections are the proportion of the vulnerable
population (S°) at equilibrium and transmission (3). These parameters are directly proportional to the 9R,. This
indicates that either a rise or fall in these parameter values may result in significant increases (increased infection) or
decreases (decreased infection) in Ry, respectively. For example, a 15% increase or decrease in their values results
in a 15% increase or decrease in Ry, respectively. On the other hand, treatment rates (o) and death rates (§) have a
negative influence on Ry. They are inversely proportional to 3. This means that an increase or decrease in their values
results in a decrease (lower infection) or increase (higher infection) in Ry, respectively. For example, a 15% increase
in these parameter values results in a 15% decrease in Rg, and vice versa. The sensitivity analysis results align with
the simulation findings. The analysis depicts how variations in the important parameters affect the infection curves.
High vaccination rates reduce susceptibility and increase the number of vaccinated individuals, as demonstrated in
Figures 4 and 5, respectively. This improved immunity protects vaccinated individuals from infection, thus reducing
the disease’s spread. The sensitivity results support this by showing that a decrease in the susceptible population
due to vaccination improves immunity in vaccinated individuals, thus protecting them from infection. An increased
rate of infection leads to higher disease transmission and reduces the susceptible population, as shown in Figures
6 and 7, respectively. This is also supported by the sensitivity analysis, which shows that an increase in infection
rates raises the reproduction number, thereby increasing infection rates, and vice versa. Improved treatment rates
reduce infection and accelerate recovery, as shown in Figures 8 and 9, respectively. The sensitivity analysis supports
this, as treatment is inversely related to the reproduction ratio, meaning that an increase in treatment rates reduces
the reproduction number, thereby reducing infection. Epidemiologically, the results emphasise the importance of
decreasing susceptibility through vaccination and enhancing treatment as key measures to manage measles outbreaks.

7. Conclusion

The SVITR model is well-developed to accurately represent measles transmission in children under ten. Monte Carlo
analysis showed robust parameter estimates, emphasising that parameter values were stable, reliable, and consistent. A
good fit for the model (R? = 0.764 for Kwale County, R? = 0.823 for Kilifi County), indicating that the model effectively
captures key trends in measles transmission dynamics. The positivity and boundedness of the model ensured positive
state variables and population feasibility. The study shows that there is continuous transmission of measles in Kwale
and Kilifi Counties due to their Ry values being greater than unity in both counties. Kwale County’s susceptible
population is at a higher risk of infection due to its higher infection rate. The disease-free state is unstable with a
stable equilibrium of the persistence of the disease, indicating disease persistence in the population unless it is well
controlled. The infection rate and the susceptible population are key positive factors of transmission, while treatment
and deaths caused by the disease help in lowering the spread. The simulations of the model indicate that the model-
predicted data align with the observed data, demonstrating the reliability of the SVITR model in the dynamics of
measles.

The model is used to draw practical interventions and policy decisions targeting the persistence-driving factors of
transmission. With a stable endemic state and 93, greater than unity, the policies should focus on reducing transmis-
sion by increasing vaccination coverage, particularly in high-risk locations such as Kwale County, and limiting exposure
among children under ten years of age. Infection can be further minimised by strengthening treatment programmes
and enhancing access to healthcare. The infection rate and susceptible population are sensitive to the model, suggest-
ing that specific measures, such as immunisation campaigns, public health education, and early detection, will help in
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controlling infection and reducing the susceptible population. In general, the results support the use of evidence-based
resource allocation for treatment, vaccination, and prevention measures in disease control or eradication.

To increase the predictive power and realism of the model, future research should include bifurcation analysis to
discover threshold effects, qualitative changes in dynamics, and the potential for more than two endemic states. This
method determines the critical points where the disease dynamics change radically. Including a Darwinian evolution-
ary dynamic will complement the model by considering pathogen adaptability, selection pressures, and the long-term
modifications of disease dynamics. Future work should involve a study of Darwinian Ricker-Cushing systems [22],
which suggest that feedback loops among population growth, environmental factors, and selection pressures can be
studied to learn about bifurcations and disease stability in dynamic environments. In addition, discrete evolutionary
population models [23]] emphasise the important role that natural selection and mutations play in pathogen behaviour,
providing information on the evolutionary dynamics of diseases. Another study by [24] highlights the importance of
analysing resource limitations and carrying capacity, suggesting that future studies involving measles should address
this gap by analysing how long-term resource limitations and disease management strategies influence disease persis-
tence and stability.
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