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Abstract: We develop and analyse a deterministic SEAIHRV model with explicitly time-varying control
functions representing transmission, vaccination, and hospitalization. We introduce an effective reproduc-
tion profile R;, which governs the growth or decay of infection. We establish the existence, positivity, and
boundedness of solutions for the non-autonomous system, and we show that the sign of the asymptotic
logarithmic average of R; determines whether the disease is uniformly eliminated or persists. In the au-
tonomous limit, we recover the basic reproduction number Rj as the spectral radius of the next-generation
operator, while in periodically forced regimes, we define a periodic reproduction number Ry, via Flo-
quet theory, whose sign governs the global stability of disease-free versus endemic T-periodic states. We
link adaptive and temporally structured interventions directly to Ry, Rper, and the principal Lyapunov
exponent of the linearized infectious cocycle. Using NSFD—Patankar simulations, fully consistent with our
analytical framework, we illustrate how constant, periodic, abruptly switching, and feedback-controlled
interventions shape R, trajectories, epidemic peaks, duration, and cumulative burden. Together, our re-
sults provide a mathematically rigorous and epidemiologically interpretable foundation for understanding
and controlling epidemics in dynamically changing environments, and we show that this framework can
be readily extended to optimal control formulations, stochastic perturbations, and network-structured epi-
demic models.

Keywords: SEAIHRV model; Time-varying interventions; Non-autonomous epidemic dynamics; Stability
analysis; Reproduction number R;; Floquet theory; NSFD-Patankar simulations.
AMS Math Codes: 92D30; 37N25; 93A30; 65C20.

1 Introduction

Mathematical epidemiology models the transmission of infectious diseases through systems of differential equations
describing the interaction of epidemiological compartments over time. Classical compartmental formulations of SIR,
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SEIR, and related types are typically expressed as autonomous systems with constant transmission, progression, and
removal parameters. Within this framework, the global dynamics are governed by a time-invariant basic reproduction
number Rj, whose threshold property determines disease extinction or persistence via the spectral radius of the next-
generation operator [|1}[2]].

Although this autonomous paradigm has produced a coherent and mathematically elegant theory, it does not ade-
quately reflect the structural variability observed in real epidemic processes. In practice, transmission intensity, vac-
cination effort, hospitalization capacity, and contact patterns evolve dynamically under the influence of behavioural
adaptation, public health interventions, seasonal forcing, and policy responses. Epidemic systems are therefore more
accurately described as non-autonomous dynamical systems, in which key parameters depend explicitly on time and
possibly on the epidemic state itself.

Recent years have witnessed substantial advances in extending epidemic modeling beyond the classical autonomous
setting. These include optimal control formulations incorporating awareness and vaccination mechanisms, some-
times within fractional-order or variable-order frameworks [|1]; analyses of non-autonomous and periodically forced
epidemic systems with imperfect interventions [2H4]]; stochastic perturbation approaches capturing environmental
variability; and spatially structured or network-based epidemic models. While these contributions have significantly
enriched the modeling landscape, the mathematical theory of threshold dynamics for fully non-autonomous multi-
compartment systems remains comparatively less unified and systematically developed.

In particular, classical threshold theory provides a complete characterization of autonomous epidemic systems via
Ry. However, extending this theory to periodically forced or fully time-dependent environments requires more refined
analytical tools, including monodromy operators, Floquet theory, Lyapunov exponents, and spectral properties of
evolution operators. Despite important partial results in the literature, a coherent framework linking time-dependent
reproduction profiles, spectral growth rates, and global qualitative dynamics in extended compartmental systems is
still needed [5-8]].

The objective of this paper is to develop a mathematically sound and analytically tractable SEATHRV-type framework
in which time-varying transmission and intervention effects are incorporated from first principles, and to analyze the
resulting non-autonomous dynamics through the lens of modern stability and threshold theory. In contrast to classical
autonomous SIR/SEIR formulations, we explicitly consider a non-autonomous setting where the contact, vaccina-
tion, and hospitalization mechanisms are encoded by measurable and bounded coefficient functions (3, v, ) satisfying
Carathéodory conditions. This ensures well-posedness of the system and allows for a mathematically consistent treat-
ment of time-dependent interventions.

More specifically, we consider a deterministic SEATHRV model in which intervention levers contact reduction, vac-
cination, and hospitalization are represented as time-varying inputs acting on an otherwise standard compartmental
structure. We establish the existence, positivity, and uniform boundedness of solutions and identify a biologically in-
variant region. Within this setting, we define an effective reproduction profile ¢t — R, that quantifies the instantaneous
growth potential of infection. This time-dependent reproduction profile provides the central link between time-varying
interventions, spectral growth rates, and the qualitative behaviour of the full SEATHRV dynamics.

A central contribution of this work is the systematic construction and interpretation of multiple threshold quantities
within a unified analytical framework. In the autonomous limit, we recover the classical basic reproduction number
Ry. In the periodically forced case, we define a periodic reproduction number R, via the spectral radius of the
associated monodromy operator and show that its sign governs the global stability of disease-free versus endemic
T-periodic states. In the fully non-autonomous regime, we introduce a time-dependent reproduction profile R; and
prove that the asymptotic logarithmic average of R; coincides with the principal Lyapunov exponent of the infectious
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evolution operator, thereby yielding sufficient conditions for uniform extinction or uniform persistence [|1,9,/10].

Our contribution is therefore twofold. From a modeling perspective, we propose a structured and biologically
interpretable SEAIHRV framework that transparently captures temporal variability in transmission and control, and
that is directly connected to contemporary developments in optimal control and non-autonomous epidemic dynamics
[[11414]. From an analytical perspective, we provide a streamlined yet rigorous treatment of threshold dynamics that
unifies autonomous, periodic, and general non-autonomous regimes within a single spectral framework [3-5]].

The theoretical analysis is complemented by numerical simulations illustrating constant, periodic, switching, and
feedback-controlled intervention scenarios [3}/6]. All simulations are performed for the non-autonomous ODE version
of the SEAIHRV system, using a positivity-preserving NSFD-Patankar scheme that is consistent with the analytical
framework developed for the non-autonomous dynamics. These experiments are designed to remain fully consistent
with the theoretical results and to demonstrate how temporal modulation of transmission and control parameters
reshapes epidemic peaks, persistence properties, and cumulative disease burden [[15,/16]. We deliberately separate
the core mathematical analysis from more advanced extensions such as full optimal control formulations, stochastic
perturbations, and spatial structure, which are discussed as perspectives. This allows the presentation to remain
focused on the principal contributions: the formulation of a time-varying SEATHRV model and a unified threshold
analysis for non-autonomous epidemic systems.

The remainder of the paper is organized as follows. In Section [2| we formulate the SEATHRV model, describe
its compartmental structure, and define the time-dependent force of infection and governing equations, including
scaling and parameter sensitivity considerations. Section [3| establishes the basic mathematical properties of the non-
autonomous system, proving existence, positivity, and invariance of solutions. In Section [4] we develop the theory
of time-dependent thresholds, introducing the linearized infectious subsystem, the generalized reproduction profile
R;, and threshold conditions based on logarithmic averages, with a focus on the impact of gradual, abrupt, periodic,
and adaptive interventions. Section [5| presents a detailed stability analysis for disease-free and endemic dynamics,
including the autonomous regime and the classical basic reproduction number Ry. In Section [6, we describe the
numerical implementation using a positivity-preserving NSFD-Patankar scheme, analyze its structural properties, and
illustrate the autonomous and time-varying regimes, including constant, periodic, and feedback-controlled interven-
tions. Section 7] provides a discussion of the results, emphasizing the link between analytical predictions and numerical
simulations. Section 8 concludes by summarizing the key findings, outlining public health implications, and indicating
avenues for future extensions of the framework.

2 Model Formulation

2.1 Compartmental Structure

The epidemic dynamics are described within a SEATHRV compartmental framework. At each time ¢ > 0, the population
is partitioned into seven epidemiological classes: S(t), E(t), A(t), I(t), H(t), R(t), V(t), representing susceptible,
exposed (latent), asymptomatic infectious, symptomatic infectious, hospitalized, recovered, and vaccinated individ-
uals, respectively. The total population size is defined by N(t) = S(t) + E(t) + A(t) + I(t) + H(t) + R(t) + V (1),
and is assumed to remain strictly positive and bounded for all ¢ > 0. Demographic turnover is incorporated through
a constant recruitment rate A > 0 into the susceptible class and a natural mortality rate ;1 > 0 acting uniformly on
all compartments. Disease-induced mortality affects symptomatic and hospitalized individuals through §; > 0 and
dm > 0, respectively.
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This SEATHRV structure extends the classical SIR/SEIR architecture by explicitly distinguishing asymptomatic trans-
mission, hospitalization, vaccination, and waning immunity. The framework is standard in structured epidemic mod-
eling and provides a clinically interpretable description of infection progression and care pathways [[4,(6].

2.2 Force of Infection and Time-Dependent Parameters

To avoid any notational ambiguity, the force of infection is uniquely defined as

caAA(t) +crI(t) +enH(L)
N(t)

A(t) = B(2) . @.1)
Thus \(¢) denotes the instantaneous per-capita infection pressure experienced by susceptible individuals and is entirely
determined by the time-dependent transmission coefficient 53(¢) and the infectious composition of the population. The
function §(¢) > 0 is assumed bounded and piecewise continuous. It represents a time-varying transmission rate in-
corporating behavioral adaptation, non-pharmaceutical interventions, and temporal modulation of contact intensity.
The constants ca,cr,cy > 0 are relative infectivity weights associated with asymptomatic, symptomatic, and hospi-
talized infectious individuals. The inclusion of the hospitalized compartment with weight cy accounts for residual
transmission under clinical isolation. In practice, one typically assumes cy < ¢ to reflect restricted contact patterns in
healthcare environments. Vaccination is modeled through a time-dependent rate v : R, — R, assumed bounded and
piecewise continuous. The function v(¢) represents the instantaneous vaccination intensity applied to the susceptible
class. Hospital admission from the symptomatic infectious class is governed by a time-dependent rate n : Ry — R,
also assumed bounded and piecewise continuous. The function 7(t) reflects temporally varying hospitalization capac-
ity or admission policies. The coefficient functions 5(t), v(¢), and n(t) are assumed to satisfy Carathéodory conditions,
ensuring existence and uniqueness of solutions to the non-autonomous system [/7,/8]].

2.3 Governing Equations

Under the assumptions stated above, the epidemic dynamics are governed on the positive cone of R” by the non-
autonomous system

% =A—-Xt)S —v(t)S — uS + wR,
dF

= A)S— (0 +p)E,

dA

o —PoE—(ra+mA,

dl

o = (L=P)oE = (yr + 01 + p+n(t)1, (2.2)
dH

e nt)] — (yg + g + p)H,

dR

i YaA+ vyl +ypH — (w+ p)R,
1%

The remaining parameters are strictly positive constants with the following interpretation:

— o progression rate from exposed to infectious classes,
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— p € (0,1): proportion of exposed individuals becoming asymptomatic,
— va,7I,7VH: Tecovery rates,

— w: rate of waning immunity.

2.4 Modeling Perspective

The SEAIHRV structure we adopt is epidemiologically coherent and follows a standard compartmental architecture.
The main novelty of our work does not lie in the compartments themselves, but in the systematic threshold analysis
that we develop for the fully non-autonomous setting [9]]. We introduce an explicit time-dependent reproduction pro-
file R;, derived via the next-generation method applied to the linearized infectious subsystem with time-dependent
coefficients, and we show how this instantaneous reproduction profile is linked to spectral growth rates of the associ-
ated evolution operator. For analytical clarity, we assume a homogeneous demographic structure without age or spatial
stratification; richer heterogeneous or spatial extensions are natural but lie beyond the scope of this paper. Under these
hypotheses, system generates a well-defined non-autonomous dynamical system on a positively invariant subset
of R7, which provides the foundation for the threshold and stability analysis developed in the following sections.

2.5 Scaling Analysis and Parameter Sensitivity

We confront the SEAIHRV system with a rigorous nondimensional scaling and a sharply focused local sensitivity
analysis of the time-dependent reproduction number R;, exposing the hierarchy of mechanisms in a transparent math-
ematical framework. To establish a robust reference, we adopt the demographic equilibrium in the absence of disease
N* := A/p and the characteristic infectious time scale 7 := (7 + u) t. Expressing the state variables in dimensionless

_ S _ FE _ A s _ _ R _ Vv
fOrmS—F,e—W,a—W,Z—N*7h N*’fr‘iW’UiN*’

we transform the system into

A= X1)s —0(1)s — jus + wr,
)s — (6 + [,
= (a + Ra,
1—p)oge—(1+ 51 + 7(7))1i, 2.3)
()i — (3 + bu + i),
Yaa+Ari+Yuh — (@ + ),

>

(T

S
|| Il
3> —_ 3

l
v

v(T)s — fiv,

where every parameter is now a dimensionless ratio, exposing the intrinsic degrees of freedom. Notably, 6 = o/(y; +
w) Ya = ya/(vr + ) Yu = yu/(v + w), 01 = 61/(yr + ), 0(7) = n(t)/(vr + p), and i = p/(yr + p), with
analogous rescaling for all remaining rates. Consequently, R; is fully expressed in terms of these non-dimensional
groups, revealing unequivocally the dominant control parameters [|17]].

Turning to the instantaneous reproduction potential, we define R, = R(61(t),...,60x(t)), where the #; encom-
pass all transmission, progression, hospitalization, and mortality rates. The normalized forward sensitivity index

8, (t) = % ojé(f), R; > 0, 0;(t) > 0, provides a dimensionless, incisive quantification of each parameter’s instanta-
neous leverage on R,. Each derivative OR,/00; is analytically accessible, yielding closed-form expressions in terms of
(S(t), N(t),5(t),n(t),...), permitting a direct, uncompromising comparison of parameter influence. We deploy these

indices to extract two complementary insights. The sign of 8¢, (¢) dictates unambiguously whether a perturbation in
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Table 1: Model parameters, biological interpretation, and dimensionless scaling employed in the analysis.

Symbol  Description Scaled form

B(t) Contact rate dimensionless via (y; + p)~*
v(t) Vaccination rate v(r)=v(t)/(vr + 1)

n(t) Hospitalization rate n(t) =n(t)/(vr + w)

o Progression rate £ — A, I g=0/(y+p)

YA Recovery rate in A Fa =va/(yr + 1)

004 Recovery rate in [ reference scale

YH Recovery rate in H Y = v/ + 1)

o1 Disease-induced mortality in 1 5p =6, /(v + 1)

OH Disease-induced mortality in H Sy =6y J(vr + 1)

1 Natural mortality a=p/(yr+p)

w Waning of immunity w=w/(y+

D Fraction asymptomatic unchanged (dimensionless)
ca,cr,cy  Contact weights unchanged (dimensionless)

¢; amplifies or suppresses the reproductive potential at that instant. The magnitude establishes a rigorous ranking
of parameters by their immediate impact on epidemic dynamics. By evaluating these indices along representative
trajectories, we surgically isolate the dominant parameters, guiding targeted, mathematically precise interventions on
both R; and macroscopic epidemic outcomes peak size, attack rate, and duration without ambiguity or dilution of
effect [[18-20].

3 Basic Mathematical Properties

3.1 Well-posedness of the Non-autonomous SEAIHRV System

We cast system (2.2) into the abstract non-autonomous form #(t) = f(t,z(t)), =(t) = (S,E, A, I, H,R, V)T € R7,
where the explicit time-dependence is entirely encoded in the coefficient triple (3,v,1) € L2 (R4;RY), that is,

loc

B(t),v(t),n(t) are precisely the time-dependent coefficients appearing in system (2.2). All remaining parameters are
strictly positive constants. The vector field f : R, x R” — R7 is a polynomial function of = and depends affinely on

(B(t), v(t),n(t)).
Carathéodory framework and local well-posedness. For each compact set K C R7 and each T > 0, the following
conditions hold:

— for every fixed z € R7, the map ¢ — f(t, ) is Lebesgue-measurable on [0, T7;

— for almost every t € [0, 7], the map = — f(¢, ) is locally Lipschitz on K, with a Lipschitz constant depending
only on K and T

— fislocally bounded on [0,T] x K.

In particular, f is a Carathéodory vector field in the sense of the standard theory of non-autonomous ordinary differ-
ential equations [|6H8,(10].
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Theorem 3.1 (Local Carathéodory well-posedness). For every initial datum zo € R, there exists a unique maximal
Carathéodory solution z(+;x¢) : [0, Tmax(70)) — R” of & = f(t, ), 2(0) = xo. Moreover, the maximal interval of existence
satisfies the blow-up alternative

Toax(70) < +oo = limsup |lz(t;z0)| = +oo.

t—Tmax (J;O)_

Proof. We fix an initial condition zyp € R” and consider the Cauchy problem i(t) = f(t,z(t)), z(0) = zo, where f is
associated with system as specified above. By construction, the coefficient triple (3, v, ) belongs to Li2 (R4 ; R?),
and f is a polynomial in x with coefficients that are measurable and locally essentially bounded in ¢. Consequently, for
every compact K C R” and every T > 0, the map ¢ — f(t, ) is Lebesgue-measurable on [0, T for each fixed = € K,
while the map = — f(t, z) is locally Lipschitz on K, with a Lipschitz constant depending only on K and 7. In addition,
f is locally bounded on [0, T] x K. Indeed, since each component of f is a polynomial in = with coefficients depending
on ¢ only through (5(t), v(t), n(t)), the spatial gradient D, f(t, ) is continuous in 2 and bounded on every compact set
K C R7, uniformly for ¢ in bounded intervals. Hence, for each compact K and each 7' > 0, there exists Lk 7 > 0 such
that || f(t,z) — f(t,y)|| < Lx,r|z —yl, Vz,y € K, fora.e. t € [0, T], which is precisely the local Lipschitz condition in
the state variable required in the Carathéodory framework.

These properties place f in the standard Carathéodory class on R, x R, in the precise sense of [|6] and [7}/11].
We may therefore invoke the general existence-uniqueness theorem for Carathéodory differential equations in finite
dimensions to obtain a unique maximal Carathéodory solution z(-;x¢) : [0, Tiax(z0)) — R7 of the Cauchy prob-
lem. By maximality, the solution cannot be extended beyond Ty,.x(zo) while preserving absolute continuity and
the differential relation almost everywhere. The same theorem asserts that the only obstruction to continuation
is loss of boundedness of the trajectory in finite time, which yields the blow-up alternative Ty,ax(z9) < 400 =
limsup,_, 7, (z0)- [[7(t;20)[| = +oc. No additional structural feature of system is needed: the Carathéodory
hypotheses verified above are exactly those required in the abstract theory, and the conclusion follows verbatim from
the general result. O

Positive invariance of the epidemiological state space. We introduce the closed convex cone R, = {z € R" : z; >
0, i = 1,...,7}, which represents the set of epidemiologically admissible states. For a closed subset C C R” and
z € C, we denote by T¢(x) the Bouligand (contingent) tangent cone to C at xz. By definition, T¢(z) := {v €R”:

3¢, 1 0, 3v, — v such that x + t,v, € C Vn}, that is, T (x) collects all possible velocity vectors of curves remaining
in C and starting from x [[10]].

Theorem 3.2 (Forward invariance of the nonnegative cone). Let xg € RZL and let x(-;xg) denote the maximal
Carathéodory solution of (2.2) with initial condition x(0;x) = zo. Then z(t;xq) € RVt € [0, Tmax(70)). Equiva-
lently, the closed convex cone R, is positively invariant under the semiflow generated by f.

Proof. We regard R”. as a closed subset of R” and denote by Ty, (z) its Bouligand (contingent) tangent cone at
z € R%. For the closed convex orthant R7, one checks directly from the definition that Ty, () ={veR" v >
0 whenever z; = 0}, which means that any admissible velocity at a boundary point cannot point outwards in a negative
coordinate direction. A direct inspection of the right-hand side of system shows that, whenever (¢, z) € Ry x R
and z; = 0, all terms driving the i-th component are nonnegative; more precisely, z € R, z; =0 = fi(t,z) >
0Vt >0, i=1,...,7. It follows that, for every z € OR". and every ¢ > 0, the vector f(t,z) belongs to Twr, (z), that is,
ft,z) € Ty, (z)Vz € ORY, Vt > 0. In other words, f is a Bouligand-Nagumo field on RY, in the sense of the classical
flow-invariance theory. By Nagumo’s theorem for closed convex sets [9H11]], any Carathéodory solution of & = f(¢,x)
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starting in R”. remains in R, for all forward times in its interval of existence. Applying this criterion to the solution
z(+;z0) yields zg € RT = x(t;z0) € RT. Vt € [0, Tinax(20)), which is the desired positive invariance. O

Dissipativity and global existence. Define the total population functional N(t) = S(t) + E(t) + A(t) + I(t) + H(t) +
R(t) + V(t). Summation of the components of system (2.2) gives, for all ¢ in the interval of existence, %(t) =

A— uN(t) — 6,1(t) — S H(2).

Theorem 3.3 (Uniform dissipativity and global semiflow). Let 2y € R, be arbitrary, and let z(-; zo) denote the associated
maximal Carathéodory solution of (2.2]). Then:

1. z(-; ) is globally defined, i.e., Tiax(xo) = +00;

2. the corresponding trajectory is uniformly bounded, and in particular
N(t) < max {N(O), é},Vt >0,
1
where N(t) = S(t) + E(t) + A(t) + I(t) + H(t) + R(t) + V(2.

Proof. We first observe that, along any Carathéodory solution z(-;zq) of (2.2)), the functional N satisfies dd—];[(t) =
A — uN(t) — 671(t) — dpH(t) for almost every t € [0, Thax(zo)). Since I(t), H(t) > 0 for all ¢ in the interval of
existence, we obtain the scalar differential inequality % (t) < A — uN(t),Vt € [0, Trax(20)). We now consider the
scalar Carathéodory Cauchy problem ¢(¢) = A — uy(t), y(0) = N(0), which admits a unique global solution y(t) =
e N (0) + %(1 — e~M),Vt > 0. By the comparison principle for scalar Carathéodory equations [6,[12], the inequality
on N implies N(t) < y(t) ¥t € [0, Tax (o). In particular, N(£) < e #N(0) + 2 (1 — ¢=#) < max {N(o), g} Vite
[0, Tinax(x0)). Thus the trajectory z(t; zo) remains bounded for all ¢ in its maximal interval of existence. The blow-up
alternative in Theorem excludes finite-time escape in the phase space and therefore forces Ti,.x(z9) = +oo. The
asserted uniform bound on N(¢) follows from the explicit expression of y(t) above, and each component of z(¢; xg)
inherits a uniform bound on [0, +00). This yields global existence and uniform dissipativity. O

As a direct consequence of Theorems and system (2.2) generates a globally defined positive semiflow
on RZF in the framework of non-autonomous dynamical systems; see, for instance, [8}/13].

Continuous dependence on initial data. Let K C R’ be a bounded forward-invariant set for the semiflow generated
by (2.2). By local Lipschitz continuity of f in the state variable and the uniform boundedness of trajectories in K, there
exists Lx > 0 such that || f(t,z) — f(t,y)|| < Lkl — y||,Vz,y € K and almost every ¢ > 0. Let x(+;z¢) and x(-;yo)
be solutions with initial data xo,yo € K. Then, for every T' > 0, Gronwall’s inequality implies sup,¢jo 7y [|z(¢; 20) —
2(t;y0)| < llwo — yolle¥xT. In particular, the associated solution operator defines a continuous non-autonomous
semiflow in the compact-open topology on R” ; [6,/13].

3.2 Existence, Positivity, and Invariant Region

We place system in the general framework of non-autonomous Carathéodory vector fields and establish, in a
unified way, its well-posedness, positivity, and confinement to a biologically meaningful invariant region. Let x(t) :=
(S(L‘),E(t),A(t),I(t),H(t),R(t),V(t))T € R7, and rewrite in the compact form 4 = f(t,z), where f : Ry x
R7 — R7 encapsulates the demographic, epidemiological and control mechanisms, including the time-dependent
coefficients 3(¢), v(t) and 7n(¢) and the nonlinear incidence A().

97



Research Paper

Journal of Mathematical Epidemiology, 2(1) (2026), 90-123. Open Access

ISSN: 3108-4052

By construction of the model, the coefficient functions 8, v and 7 are non-negative, locally bounded and piece-
wise continuous, with at most finitely many jump discontinuities on each compact interval; in particular, §,v,n €
L%, (Ry; Ry )N PC(Ry), and the force of infection A(t) = B(t) AU+t N (1) = §(t)+ B(t)+ A(t) +1(¢) +
H(t) + R(t) + V(t), defines, on the positive cone R’ \ {N = 0}, a map (¢,z) — A(t,z) which is jointly measurable
in ¢ and locally Lipschitz in x, with growth controlled by the local L> bounds on 8 and by the linear structure of
N(-) [21H23]]. These features pass directly to the full vector field f (¢, x).

More precisely, the right-hand side of is a polynomial-rational map in the state variables: all nonlinearities of
incidence type enter through the force of infection A(t, z) = 5(¢) W7 N=S+FE+A+I+H+R+V,and
all coefficients A, u, 0, 7., d., p,w are non-negative constants, while the time-varying coefficients 3(t), v(¢t) and 7(t) are
non-negative, locally bounded and piecewise continuous [24]. On R’ \ {N = 0}, each component of f is therefore
a finite linear combination of terms of the form r(¢) X with r(¢) > 0 and X one of the coordinates, plus constant
demographic sources or sinks. From this affine-rational structure, we infer that, for each fixed x, the map ¢ — f(¢, ) is
measurable; for almost every fixed ¢, the map = — f(¢, ) is continuous; and that, for every compact set K C R’ and
every T' > 0, there exist constants Ly i, Cr x > 0 such that || f(¢,z) — f(¢t,y)|| < Lrx ||z —y|| Vte[0,T], z,y € K,
and ||f(t,x)|| < Crx (1 + ||z]]) YVt € [0,T], « € K. These are exactly the Carathéodory and local linear growth
conditions on R x R, [2426]].

Standard Picard-Lindel6f theory for non-autonomous systems with Carathéodory right-hand side then yields that,
for every initial datum z, € R, there exists a unique maximal solution z(-; o) : [0, Tiax(70)) — R’ of satis-
fying x(0; xo) = x0, which is absolutely continuous and depends continuously on z, on every compact subinterval of
[0, Timax (z0)) in the topology of C([0, T]; R”) [26-28]. In particular, the SEAIHRV equations generate a well-posed non-
autonomous dynamical system on the nonnegative cone: for every admissible initial state in R”_ there exists a unique
maximal trajectory that remains in R for all forward times in its domain of definition. This existence-uniqueness
framework is the analytical backbone on which we, as modelers, base all subsequent qualitative properties (positiv-
ity, invariance, stability, and threshold behavior) and interpret the SEATHRV dynamics as a mathematically consistent
representation of epidemic evolution.

Having secured well-posedness, we turn to the geometric and epidemiological content of the model, encoded in
positivity and the existence of a bounded invariant region. We regard system as a dynamical system on the
closed convex cone R” := {a: =(S,B,A, I,H R V)T €¢R":S,E,A I, H R,V > O}, and demand that the dynamics
remain confined to this cone and to a biologically reasonable upper bound on the total population. The algebraic form
of f(t,z) described above is precisely the structural setting in which positive cones are invariant under the flow [[24].
To formalize the positivity property, we examine the behavior of f(t,z) on the boundary of R, . For each z € IR, we
denote by I(z) := {i € {1,...,7} : x; = 0} the set of active constraints. The Nagumov-iability condition for the positive
cone reads f;(t,z) > 0 whenever z € dR", i € I(z), t > 0, which is equivalent to f(t,z) lying in the tangent cone
Tr, (z) for every such (¢, z) [3]]. In the present SEATHRV system this condition can be verified component-wise. On the
hyperplane S = 0 with all other components non-negative, we have % =A-A®)S—v(t)S—pS+wR=A+wR >0,
since R > 0and A,w > 0. OnE =0, &€ = \(¢)S—(c+p)E = A\(t)S >0,0n A =0, % = poE—(ya+pu)A=poE >0,
onl=0,%%=(1-p)oE—(yi+6+p+nt)I=(1-p)ocE >0,onH =0, 4 =n(t)]—(yg+0u+p)H =n(t)] >0,
on R =0, % =y A4y I+yg H—(w+p)R = yaA+yI+ygH >0,andonV =0, & = v(t)S—puV = v(t)S > 0.All
these inequalities ultimately rest on the nonnegativity of the parameters, of the time-dependent functions 3, v, n, and
of the state variables within the positive cone, as is standard in compartmental epidemic models. For each component
x; that vanishes on the boundary of the cone, the corresponding component of the vector field is nonnegative, so that
the flow of the system can never cross the boundary into the region z; < 0. By Nagumo’s viability theorem for closed

convex sets, the cone R, is therefore positively invariant for the dynamics of (2.2)): any trajectory emanating from a
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nonnegative initial state remains in RZF for all times in its maximal interval of existence [9}20].

Once positivity is guaranteed, we construct an epidemiologically admissible region by controlling the total popula-
tion N(t) in time. Summing the equations in (2.2), all incidence, progression and recovery terms cancel out, and we
obtain % =A—uN—06;I—0gH < A— puN,where the inequality follows from the nonnegativity of I and H and
of the disease-induced mortality rates d;,d5 > 0 [19]. We associate to this inequality the scalar differential equation
% = A — pY, whose explicit solution is Y (¢) = % + (Y(O) — %) e~ M. By applying a classical comparison principle for
(non-autonomous) ODEs, we deduce that N(t) < max {N (0), %} V¢ > 0, which provides a uniform upper bound on
the total population, independent of the finer details of the infectious dynamics [20}29].

On this basis, we introduce the epidemiologically admissible region

0= {1: ERT:0<N< %} - {(S,E,A,I,H,R,V)T ER :S+E+A+T+H+R+V < %}
which is a closed, convex and bounded truncated simplex in R . The positivity of the flow shows that R, is positively
invariant; the differential estimate on N(¢), combined with the comparison principle, implies that the half-space { N <
A/u} is also positively invariant. It follows that 2, as the intersection of two positively invariant sets, is itself positively
invariant for and contains every trajectory issued from an epidemiologically admissible initial condition, that is,
every zo € 2 [18]. In this way, the SEAIHRV system generates a well-posed flow on the admissible region (2, which
we, as modelers, adopt as the epidemiologically meaningful phase domain for the subsequent qualitative analysis
(existence and classification of equilibria, stability, reproduction numbers, bifurcations), while remaining intrinsically
compatible with positivity and boundedness constraints on the total population [5]].

4 Time-dependent threshold dynamics

4.1 Linearized Infectious Subsystem and Generalized Reproduction Profile

In order to capture the intrinsically non-autonomous nature of system (2.2]), we abandon the static notion of a single
basic reproduction number and introduce a time-dependent effective reproduction profile ¢ — R; [[15,[23]]. At each
time ¢, this quantity encodes the mean number of secondary infections generated by a typical infectious individual
when the epidemiological and control environment is frozen at time ¢.

We begin with the linearization of along the disease-free trajectory, restricted to the infectious variables.
Denoting z(t) := (E(t), A(t), I(t), H(t))T € R*, the linearized infectious subsystem takes the form %L (¢) = (F(t) —
V(t)) ;(t), where F(t) collects the new infection terms and V (¢) collects all transitions between and removals from
infectious compartments. Throughout this subsection we adopt a consistent indexing of the mortality parameters, with
07 and 6y denoting disease-induced deaths from I and H, respectively, and we systematically treat hospitalization as
a time-dependent process driven by 7(¢) only in the off-diagonal I — H transition. In particular, 7(¢) never appears as

a constant and a time-dependent parameter in the same matrix entry [23,[25]].

For S(t) close to its disease-free value and N(¢) close to the demographic equilibrium determined by (A, i), the
incidence feeding the latent class can be linearized as

A)
A1) S = (1) 5 ((?) (caA(t) + e I() + e H(t)) = B(2) Zi((tt)) (carer,en) | 1(1
H(1)
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In the ordered basis (E, A, I, H) this yields the following matrix of new infection terms:

80 iy ea 50
0
0
0

S()

S(t)
t) !

B(t) W CH
0
0
0

N
0
0
0

In particular, the coefficient ¢y admits the interpretation of a residual infectiousness weight for hospitalized individ-
uals; in applications where hospital isolation is assumed to be nearly perfect, we may and do take cy < ¢y, and the
limiting case ¢y = 0 eliminates hospital-based transmission altogether if such a mechanism is deemed epidemiologi-
cally irrelevant [26,[27].

The linear transition-removal operator V() is chosen to depend on time only through the hospitalization rate 7(t),
and is given by

o+ 0 0 0
— 0 0
V(t) = po YA+
—(1—p)o 0 vr + 61+ p+n(t) 0
0 0 —n(t) Y +0m + 1

In particular, V' (¢) is lower triangular with strictly positive diagonal entries; thus V'(¢) is invertible for all ¢ > 0. Note
that disease-induced deaths are only included in the symptomatic and hospitalized classes (d;, dg); we deliberately
neglect disease-induced mortality in A, which corresponds to assuming that asymptomatic infections have negligible
fatality. This is a modeling decision rather than a structural limitation of the framework: an additional parameter
d4 > 0 could be incorporated in the diagonal of V'(¢) without altering the subsequent analysis [[4].

At this stage, we emphasize that we do not postulate a strictly constant total population. The demographic turnover
term A — uN(t) — 671 (t) — 6 H (t) makes it clear that N(¢) is, in general, time-dependent. Our analysis of R; therefore
relies only on the positivity and uniform boundedness of N(¢) established earlier, not on an artificial conservation
law. In particular, vaccination is treated as a leaky removal from S into V, and we do not impose perfect vaccine-
induced sterilizing immunity; instead, the assumption that vaccinated individuals do not contribute to infection in the
present SEATHRYV system is a simplifying choice, which can be relaxed by adding a separate infection pathway from V'
if required by a specific pathogen [14].

4.2 Instantaneous Next-generation Operator and Explicit Form of R,

We work in the ordered basis (E, A, I, H) and recall that the matrices F(¢) and V(¢) associated with the linearized
infectious subsystem are given by

0 ﬂ(t)f\;((gm 6(75);((’3@ ﬂ(t)fv((’ch
Pty = |0 0 0 0 7

0 0 0 0

0 0 0 0
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and
o+ pu 0 0 0
~(I=plo 0 yr+r+p+n) 0
0 0 —n(t) Y +0m + 1

The matrix V' (¢) is lower triangular with strictly positive diagonal entries and is therefore invertible for every ¢ > 0. Its
inverse is again lower triangular and can be computed explicitly by solving V'(t)u = e; for each canonical basis vector
ej, j =1,...,4, which yields

1
0 0 0
o+ un

___pr 1 0 0

(o + ) (ya +p) Ya+p
. (1-p)o 0 1 0

VO™ = | o +m0u + 01+ o+ () Y401+ p+ ()
(1—plon(t)
(o4 w)(yr + 01 + p+n(t)) 0 n(t) 1
1 (vi+0r+p+nt)(ya +0u +p) Yu+0u+p

X—
(Yu + 0 + 1)

In order to construct a genuinely non-autonomous threshold, we follow the next-generation formalism but place it
explicitly in the framework of evolution operators and principal Lyapunov exponents. For each fixed ¢ > 0, we define
the instantaneous next-generation operator by X; = F(t) V(¢)~!. In this interpretation, the entries of V' (¢)~! represent
expected residence times in infectious compartments for an individual that has just entered the infectious subsystem,
in the sense of the standard next-generation formalism. Under the structural hypotheses of our SEAIHRV model, X; is a
nonnegative (indeed cooperative) 4 x 4 matrix for all ¢ > 0, so that by Perron-Frobenius theory its spectral radius p(X;)
is a simple positive eigenvalue with a nonnegative eigenvector. We introduce the instantaneous effective reproduction
number as R, = p(X;) = p(F(t) V(t)~!), which reduces to the classical basic reproduction number in the autonomous
limit, but now evolves in time in response to 5(¢) and 7(t), and is modulated by v(¢) through the susceptible fraction
S(t)/N(t), as well as the demographic background [29,/30].

To make this definition fully explicit in our setting, we compute the first row of K,. Setting a4 (£) = 8(t) 5 ((tt)) ca, as(t)

B(t) %c;, ap(t) = B(t) S(tt)) cm, the first row of F(¢) is (0, aa(t),ar(t),an(t)), and hence the first row of X; is
(0,a(t), ar(t),an(t)) V(t)~1. Using the explicit form of V'(¢)~! above, a direct calculation gives

po ( ) (1 —p)O'

1
(Ke) =0 —— +aa(t) DT m0n +or +ntn®)

o+ p (U+M)(’YA+M)
(1 —p)an(t)
(0 +u)(vr+dr+p +?7(t))(7H + 0 +p)

+ OéH(t)

Since F'(t) has zero first column, we may equivalently project out the latent stage £ and work directly on the reduced
(A, 1, H) subsystem. In both viewpoints, the nonzero eigenvalue of X; is obtained by summing the contributions along
the A-, I- and H-paths, which leads to the scalar representation

S(t) | pca n (I-pe n (I—p)nt)cu
N@#) |va+p  yr+or+p+nt)  (y+6r+p+nt)(ve+0a+p)|

In the full (E, A, I, H) formulation, the product F(¢)V (t)~! contains the latent survival factor o/(c + ), which rep-
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resents the probability that a newly infected individual leaves the exposed class F alive before progressing to A or I.
In order to obtain the scalar expression above, we equivalently project onto the reduced (A, I, H) subsystem and thus
condition on survival through the latent stage, so that this survival factor is absorbed into the initial distribution of new
infectious individuals and does not appear explicitly in R;. Because X, is a nonnegative rank-one matrix, its spectral
radius equals its unique nonzero eigenvalue, which is precisely the scalar quantity on the right-hand side. In particular,
we obtain the identity R, = p(X;) = p(F(t) V(¢)~'), and we can interpret R, as a fully explicit, dimensionless and
time-resolved reproduction number for the SEATHRV system [31}/32].

From our perspective as modelers, this calculation plays a double role. On the one hand, it gives us a transparent
decomposition of R, into asymptomatic, symptomatic and hospital-mediated transmission channels, each written as
5(t)
N(t)
hand, it anchors the heuristic use of ¢ — R; in a rigorous spectral framework: the family of operators (X;);>¢ is

a product of an instantaneous contact intensity 3(¢) ce and an effective mean infectious lifetime. On the other

naturally linked to the evolution operator ®(t, s) of the linearized infectious subsystem, and the principal Lyapunov
exponent A\, = limsup,_, . 1log||®(t 0)| emerges as the genuine non-autonomous threshold that aggregates the
time-varying reproduction profile into a single asymptotic growth rate.

4.3 Threshold Conditions via Logarithmic Averages of R,

The time-dependent profile ¢ — R, defines a genuinely non-autonomous threshold and cannot be collapsed into a
single scalar Ry,. What matters asymptotically is the long-time balance between phases R; > 1 and R; < 1, encoded
in logarithmic time averages of R;. In a neighborhood of the disease-free manifold, the infectious block satisfies
d21(t) = (F(t) — V(t)) z/(t), t > 0, with F(¢) > 0, V(t) a Metzler matrix with strictly positive diagonal entries,
and R, = p(F(t)V(¢)~") [21,30]. Let ®(t,s) be the associated evolution operator. By positivity, irreducibility and
Perron—Frobenius theory, we may construct measurable functions A\, A such that \(t) < log R; < A(t) V¢t > 0, and
exp(fst A7) dT) < @t s)] < exp< ff A7) dT), so that the norm growth of ®(¢, s) is controlled by time-integrals
of log R;.

We can therefore state the threshold in purely spectral terms. If limsup,_, . + f(f log R, dr < 0, then there exist
M > 1and x > 0 such that ||®(t,s)|| < M e *=%) V¢ > s > 0, the principal Lyapunov exponent of the linearized
infectious subsystem is strictly negative, and all infinitesimal infectious perturbations decay exponentially. By local
Lipschitz continuity of the nonlinear vector field and positive invariance of the feasible region €2, we infer that every
trajectory with initial condition in 2 converges exponentially to the disease-free orbit.

Conversely, if there exist ¢ > 0 and 7,, — o0 such that Tl—n fOT" log R, dr > € Vn, then the principal Lyapunov
exponent is strictly positive and there exist zp # 0 and 8 > 0 with ||z;(¢)|| > €% V t sufficiently large, so the disease-
free manifold loses uniform stability and small infectious perturbations can be amplified exponentially. Under standard
irreducibility and compactness assumptions on (2, this guarantees the existence of nontrivial invariant sets away from
the disease-free orbit supporting persistent infection. On short time scales R, is an instantaneous indicator of local
amplification (R; > 1) or decay (R; < 1), while on long time scales the sign of limsup, ., ., % fg log R, dr coincides
with the sign of the principal Lyapunov exponent and furnishes sharp sufficient conditions for uniform extinction
versus persistent endemicity [22,32]].
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4.4 Impact of Intervention Strategies

4.4.1 Gradual and abrupt interventions

In the SEATHRV framework (2.2), all non-pharmaceutical and pharmaceutical interventions act exclusively through
the time-dependent coefficients 5(¢), v(t) and 5(¢), and hence through the explicit, model-based effective reproduction
profile

S@t) | pea A-per (L —p)n(t)cu

N@) [va+p  yr+or+p+nt)  (y+or+p+nt)(ve +0g +u) |

R, = 5(”

computed for the infectious block (E, A, I, H) and for the positively invariant region Q = {z € RT : N < A/u}. From
a strictly dynamical perspective, the dichotomy between gradual (smoothly varying) and abrupt (piecewise constant or
threshold-triggered) intervention strategies is therefore entirely encoded in the regularity of the control triple (8, v, n)
and, via the above formula, in the regularity and oscillatory structure of the scalar cocycle ¢ — R; and of its excursions
above and below the critical level 1 [22}24].

When interventions are implemented gradually, one typically postulates that 3(t), v(t) and n(t) are at least C'-
smooth and slowly varying on epidemiological time scales (for instance sigmoidal vaccination ramps v(t) and ex-
ponentially decaying hospitalization rates n(t) as previously prescribed, combined with smoothly decreasing contact
rates $(¢)). In this regime, the induced reproduction profile R.(5(t), v(t),n(t), S(t)/N(t)) inherits this smoothness and
remains a continuous, slowly varying function of ¢. At the level of the linearized infectious cocycle associated with
(E, A, 1, H), this implies that the dominant Lyapunov exponent can be expressed in terms of the long-time average of
log Ry, and the integral threshold conditions

lim sup 1 /t log R, dr < 0, hminfl/t log R, dm > 0,
t—+oo t Jo t=+oo T /g

computed with the explicit SEATHRV formula for R;, provide sharp sufficient criteria for, respectively, global extinction

and uniform persistence of the infection in the full SEAIHRV dynamics. In particular, smoothly ramped-up vaccination

profiles v(t), coupled with progressive reductions of 5(¢) and possible adjustments of 7(t), can be designed so that the

smoothed reproduction curve ¢t — R; remains below 1 on average, driving all trajectories in {2 towards the disease-free

manifold My while minimizing overshoots and complex transient phenomena [4].

Abrupt interventions in the SEAIHRV model correspond, on the contrary, to piecewise smooth or piecewise constant
prescriptions for 3(t), v(¢) and 7(t), possibly coupled to state-dependent switching rules based on observable thresh-
olds such as the prevalence I(t) + H(t) or the hospital load H(t). In that case, the induced reproduction profile R;
becomes a piecewise smooth scalar process with jump discontinuities at policy change instants, and the SEAIHRV flow
generated by is a piecewise-smooth non-autonomous dynamical system on 2. Although the fundamental thresh-
old mechanisms remain governed by the same integral conditions on log R;, the presence of finitely many or countably
many jump times can induce additional dynamical features: sliding along switching hypersurfaces in parameter space,
alternation between several regimes with distinct local reproduction numbers, and intricate concatenations of sub-
threshold and super-threshold phases leading to multi-peak epidemic trajectories, resonance with seasonal forcing
encoded in 5(t), and even complex recurrent behavior in the interior of .

Concretely, for the SEAIHRV system (2.2), abrupt reductions of the contact rate 3(t) (lockdown measures, school
closures, mobility restrictions), piecewise constant boosts of the vaccination rate v(¢) (sudden deployment of mass
vaccination campaigns), or sharp changes in the hospitalization rate 7(¢) (rapid expansion or saturation of hospital
capacity) manifest themselves as instantaneous downward or upward jumps of R;. If such discontinuous interventions
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are sufficiently strong and persist long enough so that the time-averaged quantity 1 fot log R, dr becomes strictly neg-
ative as t — 400, then the global asymptotic stability of the disease-free manifold established in the non-autonomous
setting remains valid: every solution of with initial condition in 2 converges asymptotically to M, regardless
of the presence of jumps in (3, v,n). Conversely, if the imposed interventions are too short, too weak, or too sparsely
distributed in time so that R; only dips below 1 on small subintervals, separated by long episodes with R; > 1 the
asymptotic average of log R, remains strictly positive, and the SEATHRV flow is driven towards endemic attractors in
the interior of 2, with multiple epidemic waves tightly synchronized with the switching pattern of the intervention
protocols.

For the non-autonomous SEAIHRV model (2.2)), the impact of gradual versus abrupt intervention strategies is com-
pletely and rigorously encoded in the temporal regularity and long-time averages of the explicit reproduction profile
t — Ry(B(t),v(t),n(t),S(t)/N(t)). Smooth, slowly varying controls shape R, in a way that fits directly into the
Lyapunov and comparison framework with clean integral threshold conditions, while abrupt, threshold-triggered poli-
cies induce a piecewise-smooth R; with sharp jumps that may generate richer transient and asymptotic dynamics.
In both regimes, however, the decisive mathematical quantity for stability thresholds and long-term epidemic out-
comes remains the sign of the asymptotic average of log R; computed from the SEAIHRV structure, which acts as the
unique dominant scalar functional summarizing the effect of time-varying interventions on the global behavior of the
model [31}33]].

4.4.2 Periodic and adaptive controls

Within the SEAIHRV architecture (2.2)), the only channels through which control acts on the transmission dynamics
are the time-varying coefficients 5(t), v(¢t) and 7(t), and therefore all periodic or adaptive intervention policies can be
viewed as prescriptions for these three functions and, consequently, for the explicit reproduction profile

S(t) | peca (A-per (I—p)nt)cu
N@) [va+p  yr+or+p+nlt)  (y+0r+p+nt)(ve +0g +up) |

which fully encodes, at each time ¢, the instantaneous transmission potential of the SEATHRV system [34,/35]]. When
interventions are periodic, one assumes that 5(¢), v(¢) et n(t) are T—periodic functions (for some epidemiological period
T > 0, e.g. one year or one season), so that the full SEATHRV vector field and the induced profile R, are T—periodic
in ¢. In this setting, the linear infectious cocycle over one period admits a principal Floquet multiplier R, which can
be characterized as the spectral radius of a period-averaged next-generation operator built from F'(¢) et V(¢) on [0, T,
and which plays the réle of an effective periodic reproduction number for [33]. The general non-autonomous
threshold conditions specialized to the periodic case yield the sharp dichotomy

Rper <1 = global asymptotic stability of the T-periodic disease-free orbit,

Rper > 1 = uniform persistence and existence of at least one endemic 7'-periodic solution.
with the periodic endemic orbit arising as the unique stable attractor of the SEATHRV flow in Q \ M, under appropri-
ate monotonicity or irreducibility assumptions. In particular, periodically modulated vaccination schedules v(¢) and

seasonally varying contact patterns §(¢) can be designed so that R,., < 1, guaranteeing suppression of recurrent
outbreaks in the SEATHRV dynamics despite the periodic forcing.

Adaptive (or feedback-based) interventions correspond, in contrast, to control laws where §(¢), v(t) and 7(t) depend
not only on time but also on the current or recent epidemiological state, for example via state-dependent feedback
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of the form B(t) = B(t,1(t),H(t)), v(t) = N(t,S(t),1(t)), n(t) = €(t, H(t)), or via threshold rules that intensify
measures when I(t) or H(t) cross prescribed bounds. In the SEATHRV system (2.2)), such adaptive policies implement
a closed-loop regulation of R; itself, since each of the functions B, N, £ acts directly on the factors entering the explicit
SEAIHRV expression of R;. The resulting dynamics are those of a controlled non-autonomous system with state-
dependent parameters, and the principal object of interest becomes an endogenous reproduction profile ¢t — R;(x(t))
whose trajectory is shaped jointly by natural epidemic progression and the feedback control rules [36]

From a rigorous stability standpoint, adaptive strategies are effective precisely when the feedback is sufficiently
strong and sufficiently prompt to enforce a negative asymptotic average of log R; along every trajectory in 2. More
formally, if the feedback laws (B, N, £) are chosen so that any solution xz(-) of with these state-dependent controls
satisfies limsup,_, , ., + fot log R, (x(7)) dr < 0, then the disease-free manifold M, is globally asymptotically stable for
the closed-loop SEATHRV system. Typical examples include bang-bang or threshold-type controls on 5(t) or v(t), in
which stringent measures are activated whenever I(t) or H(t) exceed critical values and relaxed otherwise; under
appropriate design, such policies enforce that the state spends a predominant fraction of time in regions where R, < 1,
thereby driving the long-time average of log R, below zero and ensuring outbreak suppression [32,37]].

Conversely, if the adaptive response is too weak, delayed, or overly constrained (for instance when $(¢) cannot be
reduced sufficiently or vaccination v(t) saturates at low levels), the feedback loop may fail to keep R; consistently
below 1, and one can have liminf;_, % jot log R~ (x(T)) dr > 0 for some trajectories. In that case, the SEATHRV
flow admits uniformly persistent endemic regimes in which the infection variables remain bounded away from zero,
possibly exhibiting complex oscillations induced jointly par the intrinsic SEAIHRV dynamics and by the switching
structure of the adaptive policy. The mathematical role of periodic and adaptive controls in the SEAIHRV model is thus
completely and sharply characterized by their ability or inability to render the asymptotic logarithmic average of the
explicitly controlled reproduction number R (5, v, 7, S/N) negative along all admissible trajectories, which constitutes
the unique scalar threshold condition separating robust outbreak suppression from long-term endemic persistence.

5 Stability Analysis

5.1 Disease-free Dynamics and Lyapunov Exponent

We place the stability problem in a purely dynamical-systems framework and express our threshold conditions in terms

of the time-dependent reproduction profile ¢ — R, and the principal Lyapunov exponent of the infectious cocycle.

Writing the state as (rg, ), with 2; € R’ collecting all infectious or latently infectious components, we can recast

system (2.2) in block form % <$S> = < Gt s, 21) > , where F' > 0 encodes new infections and V is
Tr F(t,zs,zr) — V(t,zs) xs

Metzler with strictly positive diagonal. The disease-free manifold My = {z; = 0} is positively invariant and contained

in the feasible region Q [38]].

Linearizing in z; along a disease-free trajectory z%(-) yields the cooperative linear system % = (F(t) — V(1)) z, z €
R, with evolution operator ®(¢, s) and instantaneous next-generation operators K, = F(¢t)V(t)~', R, = p(X,). By
positivity and irreducibility, the principal Lyapunov exponent A, = limsup,_, . 1 log ||®(t,0)| is well defined and can
be sandwiched between logarithmic averages of R;. In particular, we have A, < 0 <= limsup,_, . + fot log R, dr <
0,and A\x > 0 <= liminf; % fot log R, dr > 0, as a consequence of comparison with scalar cooperative cocycles
built from log R; and the Perron-Frobenius structure of X;.

If \. < 0, the linear system is globally exponentially stable, and we obtain ||z(¢)|| < Ce "*||2(0)|| V¢t > 0 for
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some C, k > 0. By local Lipschitz continuity of the full vector field and positive invariance of €2, we can propagate this
estimate to the nonlinear dynamics and conclude that every solution with initial condition in {2 converges exponentially
to Mo. If A\, > 0, there exist 29 # 0 and 8 > 0 such that ||z(t)|| > ! for all large ¢, so the disease-free manifold
cannot be globally attracting. Under standard irreducibility and compactness assumptions on €2, this implies uniform
persistence of the infection and the existence of nontrivial invariant sets away from Mg [29}31].

5.2 Endemic Dynamics

In the specific SEATHRV system (2.2)), endemicity is entirely governed by the time-varying transmission rate 3(¢), the
vaccination rate v(¢) and the hospitalization rate 7(¢) through their combined impact on the effective reproduction
number R, associated with the infectious block (E, A, I, H). Recall that, for system (2.2), the instantaneous next-
generation operator is constructed on the infectious state space R% by freezing, at each time ¢, the coefficients 3(t)
and 7(t) as well as the demographic-vaccination environment encoded in S(¢) and N(¢), leading to

S(t) | pea (l-pa (L —p)n(t)cu
N@) [va+p  yr+or+p+nlt)  (v+or+p+nt)(ve +0g +u) |

which decomposes R; into the sum of asymptomatic, symptomatic and hospital-based transmission contributions, each
weighted by the current susceptible fraction S(¢)/N(t) and the instantaneous control profile (3(¢), n(¢)) [18,[28]]. The
complementary super-threshold regime for the SEATHRV dynamics is therefore characterized by a persistent excess
of this explicit R; above unity, in the sense of a strictly positive asymptotic logarithmic average. From a dynamical-
systems viewpoint, the fundamental dichotomy is encoded in the sign of Ao, := liminf, 4o 1 fot log R, dr, computed
with the above SEATHRV-specific formula for R;. When Ay,, > 0, the linearized infectious cocycle associated with the
actual SEATHRV infectious block (E, A, I, H) and its next-generation structure admits a strictly positive top Lyapunov
exponent, so that arbitrarily small perturbations in F, A, I, H around the disease-free manifold M, are exponentially
amplified along suitable subsequences of times, despite the non-autonomous modulation of 5(t), v(t) and 7(t).

In the epidemiologically feasible region Q = {(S,E, A,I,H,R,V) € Ri : N < A/u} constructed for system (2.2),
positive invariance and boundedness guarantee that no trajectory can diverge, and the super-threshold condition
Atop > 0 rules out global attraction of My. More precisely, standard persistence theory for cooperative, strongly
monotone non-autonomous systems implies that the SEATHRV flow is uniformly persistent with respect to the infectious
set: there exists * > 0 such that, for any initial condition z(0) € Q \ My, one has liminf,, ;o (E(t) + A(t) + I(t) +
H(t)) > &*, so that every nontrivial solution of eventually remains at a strictly positive distance from the
disease-free manifold in all infectious coordinates [|29]].

In the autonomous limit of (2.2]), where 3(t) = By, v(t) = vy and n(t) = ny are constants, the above condition
reduces to Ry > 1, with R, obtained by replacing 5(¢), n(t) and S(t)/N(t) by their disease-free equilibrium values
in the explicit SEAIHRV formula for R;. Under this static super-threshold condition, the SEATHRV system admits a
unique endemic equilibrium lying in the interior of €2, and the classical Lyapunov or monotone systems techniques
show that this equilibrium is globally asymptotically stable in Q \ Mg [|34]. If 5(¢) and 7(t) are T-periodic (for instance
modelling seasonal contact patterns and periodically modulated hospitalization capacity) while v(¢) is also T-periodic,
then R, becomes a T-periodic function, and the super-threshold condition transforms into Re. > 1, where R, is the
principal Floquet multiplier (or equivalently an averaged reproduction index) computed from one period of (2.2)). In
this periodic SEAIHRV setting, the uniform persistence result above specializes to the existence of a unique 7-periodic
endemic orbit in the interior of 2, which attracts all nontrivial trajectories [|34].
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In more general non-autonomous regimes relevant for SEAIHRV (e.g. quasiperiodic or irregular 5(t) describing com-
plex intervention patterns and behavioral responses, slowly varying vaccination campaigns v(t), or time-dependent
hospital saturation encoded in 7(t)), the same structural mechanism applies: as long as the explicit SEAIHRV repro-
duction profile R, satisfies Ao, > 0, the flow generated by admits invariant sets contained in the interior of 2 on
which all components E, A, I, H remain strictly positive and typically exhibit bounded yet non-decaying oscillations.
These invariant sets may be endemic equilibria, periodic orbits, quasi-periodic tori or more intricate recurrent sets,
depending on the temporal structure of (8(t),v(t),n(t)), but they all correspond to a genuine endemic regime of the
SEAIHRV model in which the disease persists indefinitely under time-varying transmission and control [[19]].

Thus, for the SEAIHRV system with its explicit compartments (S, F,A,I, H,R, V) and control functions
B(t), v(t) and 7(t), the sole quantity that governs the transition between extinction and long-term endemic per-
sistence is the time-dependent reproduction number R; derived above and its logarithmic averages. Whenever
liminfy 400 % fot log R, dr > 0 for the SEAIHRV-specific expression of Ry, the disease cannot die out and the dy-
namics are necessarily attracted to endemic sets in the interior of €, thereby providing a mathematically precise
characterization of endemicity under time-varying transmission, vaccination and hospitalization in this model.

5.3 Autonomous Regime: Basic Reproduction Number and Global Stability of the Endemic
Equilibrium

Consider the SEAIHRV system (2.2 in the autonomous regime 5(t) = 5y > 0, v(t) = vo > 0, n(t) = no > 0,
so that ([2:2) defines an autonomous dynamical system on the positively invariant, compact region Q C R’. The
parameter triple (Bo, vo,70) is fixed throughout this subsection.

(i). Next-generation operator and basic reproduction number. Restrict to the infectious coordinates Z :=
(E,A,I,H)" and denote by X := (S,R,V)T the remaining coordinates. Let X° = (59 0,0,0,0,0,V°) T denote
the disease-free equilibrium (DFE), where S° and V' are determined by the demographic—vaccination balance. Lin-
earization of the Z-subsystem at X° yields Z = (Fo — Vo) Z, where F and V) are, respectively, the Jacobian matrices
of the new infection and the remaining transition terms evaluated at the DFE, in the sense of the next-generation
formalism [27,/28,[30]. The SEAIHRV structure implies F, > 0, V; is a nonsingular M -matrix, so VO_1 > 0 and the
next-generation matrix K := Fo‘/({l is well defined, finite, and non-negative. The basic reproduction number is de-
fined by Ry := p(Xy), where p(-) denotes the spectral radius. By Perron-Frobenius theory, there exists a strictly positive
eigenvector w* € R4 \ {0} associated with p(Xy), and p(Xo) is a simple eigenvalue [30].

In the autonomous regime, the linearized infectious subsystem Z = (F, — V;)Z has solution Z(t) = e(Fo="0)t Z(0),
and its asymptotic growth rate is governed by the spectral bound s(Fy — Vp), limy—, o +log || Z(t)|| = s(Fy — Vp). Under
the standard (F, V') decomposition, one has

<0, Ry<l1,
s(Fo—Vo) {=0, Ro=1,
>0, Rg>1,

but in general s(Fy—V}) is not equal to log Ry; rather, it has the same sign as Ry — 1 and plays the role of the Malthusian
growth rate associated with the next-generation operator [30].

(ii). Endemic equilibrium for Ry > 1. Assume Ry > 1. The equilibrium problem for the infectious block reduces
to (Fp —Vo)¢ =0, ¢ = (E*, A", I*, H")" ¢ R4, with ¢ # 0. Since —V; is Metzler and Hurwitz and Fy > 0,
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the condition Ry > 1 implies the existence and uniqueness (up to scaling) of a strictly positive solution ¢ [30].
Scaling is fixed by the demographic balance and the algebraic constraints coming from the S, R, and V equations at
equilibrium, which are triangular in (S*, R*, V*) once (E*, A*, I*, H*) is prescribed. This yields a unique equilibrium
X* = (S*, E*, A*, I*,H* , R*,V*)T € int(Q2), with X7 > 0V i. No other equilibrium with strictly positive infectious
coordinates exists in 2.

(iii). Construction of a Volterra-type Lyapunov functional. Define, for v > 0, ¢(u) := v — 1 — Inu, so that ¢(u) > 0 and

¢(u) =0ifand only if u = 1, and ¢'(u) = 1 — L, ¢"(u) = L > 0. Letu; := 3+, X; € {S,E,A,I,H,R,V}, and fix

i

weights «; > 0. Define

V(X) = 3 a(b(j(() =Y ai(wi—1-Inw). 5.1)

X;€{S,E,A,I,HRV} v X;

Then V : int(Q) — [0,00) is C?, strictly convex in each w;, and extends continuously to (. Moreover, V(X)
0 foral X e, V(X)=0 << X =X~

Y

(iv). Time derivative of V' and algebraic decomposition. Along solutions of the autonomous SEAIHRV system, V(X ) =
since f;(X*) = 0 for each i. Hence

V() =Y ai(1 - ) 5 (A0 — £(X7)). (5.2)

Each f; is affine in the state variables with coefficients determined by (5, o, 170) and the fixed structural parameters; all

infection, progression, recovery, hospitalization, vaccination and waning terms are linear in X or of bilinear incidence

type of the form S, Zf: c’;éf’“ X;. On Q, the denominator ), X, is strictly positive. Using the equilibrium relations
J4

fi(X*) = 0 and the bilinear structure, each difference f;(X) — f;(X*) can be written as a finite sum of terms of
the form x;; (X; — X7) + ke (X; — X7)(Xg — X)), with coefficients r;;, x;jx depending only on parameters and
X. Dividing by X/ and substituting X; — X7 = X7(u; — 1) yields expressions in terms of (u; — 1) and products
(; — D) — 1).

Substitution into (5.2)) produces a representation
V(X) = Z Q45 (u; — 1)(’[1,]‘ —-1)+ Z bijk (u; — 1)(UJ‘ — 1)(uk —-1), (5.3)
ij i,k

with coefficients a;;, b;;, depending only on the parameters and X*. The cubic terms can be dominated by the
quadratic ones on 2 thanks to boundedness of {2 and boundedness away from zero of X;; more precisely, there
exists M > 0 such that |u;| < M for all X € Q, and hence (u; —1)(u; —1)(ux — 1) can be bounded in absolute value by
a constant multiple of (u; — 1)? + (u; — 1)> + (uy — 1)?. Absorbing these bounds into the coefficients a;; yields, after
redefinition of the constants, an estimate of the form

V(X) < i (ui — 1)(u; — 1), (5.4)
2%
with a symmetric coefficient matrix A = (a;;).

Following the graph-theoretic construction of Volterra-type Lyapunov functions for compartmental epidemic models
with bilinear incidence in [[37,[38], one can choose the weights («;) as a positive solution of a finite linear system
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associated with the flow graph of the SEAIHRV network. This system enforces that the quadratic form on the right-
hand side of (5.4) can be rewritten as a sum of squared differences along directed edges. More precisely, there exist
coefficients ¢;; > 0 and d; > 0, not all zero, such that

V(X) == ey (wi —uy)* = dy (ui — 1%, (5.5)
1,7 [

for all X € Q, where ¢;; > 0 whenever there is a direct flow between compartments 7 and j in the SEAIHRV struc-
ture [38]. The directed flow graph is strongly connected on the infectious and immune classes, and X* has all
components strictly positive, so the only point where all terms in (5.5) vanish is X = X*.

(v). Global stability. The function V' in is nonnegative on {2, vanishes only at X*, and by its derivative along
solutions is non-positive on 2 and vanishes only at X*. The region (2 is compact and positively invariant. LaSalle’s
invariance principle yields that the w-limit set of any solution with initial condition X (0) € Q \ M, is contained in
the largest invariant subset of {X € Q : V(X) = 0}, which reduces to {X*} [22,40]. Therefore, lim; , ., X(t) =
X*V X(0) € Q\ My, and X* is globally asymptotically stable in 2 \ My whenever Ry > 1. Summarizing, in the
autonomous SEATHRV model the scalar threshold parameter Ry = p(X,) controls the sign of the spectral bound
s(Fp — Vp) and hence the exponential growth or decay of small perturbations around the DFE, while the Lyapunov
function V establishes global convergence to either the DFE (R < 1) or the unique endemic equilibrium X* (Ry > 1)
under the structural assumptions of the model [30,/38.{40]. The autonomous SEAIHRV system with bilinear incidence,
linear transfers, and basic reproduction number Ry thus belongs to the class of compartmental epidemic models for
which a scalar threshold parameter completely determines the global dynamics: for Ry < 1, the DFE is globally stable
in Q; for Ry > 1, a unique equilibrium X* € int(2) exists and is globally asymptotically stable in 2 \ M, [22].

6 Numerical Implementation and Simulation

In this section we develop a dynamically consistent, positivity-preserving and threshold-faithful time-discretization for
the non-autonomous SEAIHRYV system (2.2). The scheme belongs to the class of nonstandard finite difference (NSFD)
and Patankar-type methods and is specifically tailored to preserve the structural properties of the continuous-time
epidemiological dynamics, namely positivity, invariance of the feasible region, and qualitative agreement with the
threshold behavior. [41-44]

6.1 Parameter Values and Initial Conditions

All demographic and epidemiological parameters are fixed at baseline values summarized in Table|2| Time-dependent
interventions such as §(t), v(t), and n(t) are specified by explicit functional forms, collected in Table 3| The initial
state zo = (So, Eo, Ao, Lo, Ho, Ro, V) is chosen in the feasible region €2 and is specified in the caption of each figure.

6.2 NSFD-Patankar Discretization

To preserve positivity of all compartments and invariance of the feasible region, we employ the NSFD-Patankar scheme
(6.3), which can be written in the compact form z,, 1 = Tas(z,), n =0,1,..., N — 1, where Ta; denotes the one-step
map defined componentwise in (6.3). For each n, the time-dependent coefficients are evaluated at ¢,, = nAt, and the
discrete force of infection is given by A\, = S(t,) C“‘A"*CJIV—I:“HH", N, =S, +E,+A,+1,+H,+ R, +V,. By
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Table 2: Baseline parameter values for the SEATHRV system.

Symbol Description Value Unit

A Recruitment rate 2.0 x 10*  individuals/day
L Natural mortality 3.9x 1075 day!

o Progression rate £ — A, I 1/3 day~!

D Fraction asymptomatic 0.4 dimensionless
YA Recovery rate in A 1/7 day~!

i Recovery rate in [ 1/10 day!

YH Recovery rate in H 1/14 day~!

o1 Disease-induced mortalityin I 5 x 1072  day!

Of Disease-induced mortality in H 2 x 1072 day~!

w Waning immunity rate 1/180 day~!

cA Contact weight asymptomatic 0.8 dimensionless
cr Contact weight symptomatic 1.0 dimensionless
cH Contact weight hospitalized 0.1 dimensionless

Table 3: Time-dependent intervention profiles used in the simulations.

Parameter Functional form Constants

B(1) Bo(1+ Agsin(2nt/T)) By =0.5, Ag = 0.3, T = 365 days
V(t) 120} 1[t,,,oo) (t) Vg = 001, t, = 60 days

n(t) noeknt no = 0.05, k, = 0.01

Lemma the scheme is unconditionally positivity-preserving and leaves a compact subset of {2 forward-invariant
for all At > 0.

(i). Discrete time grid and notation. We fix a uniform time step At > 0 and define ¢,, = nAt forn = 0,1,...,N.
For each compartment we set (S, By, An, In, Hp, Rn, Vi) = (S(tn), E(tn), A(tn), I(tn), H(tn), R(tn), V(tn)), and we
denote the total population by N,, := S,, + E,, + A, + I, + H, + R, + V,,. The time-dependent coefficient functions
are sampled at the left endpoints, S, = 8(t»), vn = v(tn), M = n(t,), and the discrete force of infection is defined in
strict analogy with by

caA, +cil, +cyH,

An = Bn 7 =0,1,...,N. 6.1
ﬁ N’!L " 0 ( )

(ii). Positivity-preserving NSFD-Patankar scheme. The construction of the numerical method follows a clear guiding
principle: all loss terms of a given compartment are discretized implicitly in the denominator, whereas all gain terms
are treated explicitly in the numerator. [41,/42}/44] This yields a rational (nonstandard) update which is first-order
consistent as At — 0 but, in contrast with classical explicit schemes, is unconditionally positivity-preserving for arbitrary
time steps. For the susceptible class, the continuous equation 4* = A — (A(t) + v(t) + ) S + wR is discretized as

S, + At (A + an)

: 6.2
1+ At(An + vn + 1) ©2)

Sn+1 =

Observe that the removal mechanisms (A + v + u)S appear in the denominator, while the recruitment and return-
from-immunity fluxes A and wR are placed in the numerator. Proceeding in the same manner for the remaining
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compartments, we obtain the fully discrete SEATHRV scheme

o S+ At(A+wRy,)
T TR A Fvn )
5 _ Bt AtAS,
T Ao+ )
A A+ AtpoE,
T TS At(ya + )’
Lyt = In + At(1 —p)oky, : n=01,...,N—1 (6.3)
14+ At(yr+0r +p+ )
I B H, + Atn,I,
mH 1+ At(vg +0m +p)’
R _ R, + At(’YAAn + 1L, + "YHHn)
ot 1+ At(w + ) '
Vo V., + Atv,S,
n+1l — 1+At/,t i

The update is entirely explicit: given x,, = (S, En, An, In, Hp, Ry, V,,) one first computes N,, and \,, from (6.1)),
and then evaluates each component of x,,; by direct substitution. No nonlinear solver is required at any step.

6.3 Structural Analysis of the NSFD-Patankar Scheme

We record the main qualitative features of the discrete system (6.3), namely unconditional positivity,
forward-invariance of the feasible region, and first-order consistency with the continuous SEATHRV dynamics. These
properties place the scheme within the class of dynamically consistent, positivity-preserving methods for epidemic
models [41}/43]/44].

6.3.1 Unconditional positivity and forward-invariance

Lemma 6.1 (Unconditional positivity and invariance). Assume that the coefficients satisfy the hypotheses of Section
and let At > 0 be arbitrary. If (S, Eo, Ao, lo, Ho, Ro, Vo) € R, then the sequence generated by satisfies
(Sp, Eny Ap, I, Hyy Ry, V) € RZF for all n > 0. Moreover, there exists a compact, forward-invariant subset Qa; C
such that (Sp,...,Vn) € Qar ¥V n > 0.

Proof. For each n, all denominators in are strictly positive, since every coefficient and parameter is nonnegative
and At > 0. If z,, = (Sn,...,V,) € RZF, then each numerator in is a nonnegative linear combination of the
components of z,, and of the nonnegative constant A. Hence z,, 41 € R, whenever z,, € R, and positivity follows by
induction. Summing the seven components of and using the mass-conservative structure of the transfers between
compartments, one obtains a discrete inequality of the form N,,;; < ]\QfAAtZA, where N,, .= S, + E, + A, +1I,+H, +
R, +V,. A comparison argument with the classical NSFD scheme for the scalar equation N = A — N shows that

N,, < C uniformly in n for some constant C' > 0 independent of At, see e.g. [[41},/43]]. This yields forward-boundedness
and defines the desired compact, forward-invariant subset Qa;. O
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6.3.2 Consistency and preservation of equilibria

We briefly address the approximation properties of the scheme.

Proposition 6.2 (First-order consistency). Let z(t) be a C%-smooth solution of ([2-2) on a finite time interval [0, T]. Then
the local truncation error of the NSFD—Patankar scheme satisfies x(tn+1) — Tac(x(tn)) = O(At?), where Ta, denotes
one step of the scheme. In particular, the method is first-order consistent as At — 0.

. . . . i AL G (atn) i
Proof. For each component, the update in can be written in the generic form x;, , = S "5, with G

the sum of the gain terms and L‘ the sum of the loss rates in the i-th equation of (2.2). A Taylor expansion of z(t, 1)

T = LAt L (2g, tn) +O(At?) shows that the

leading term of the increment reproduces the right-hand side of (2.2]), while the discrepancy is of order At2. Details

around t,, combined with the expansion of the rational factor

follow the standard NSFD consistency analysis in [[41]] and are omitted. O

Proposition 6.3 (Preservation of equilibria and local stability). Let 2* € Q be an equilibrium of the continuous system
([2:2). Then 2* is also a fixed point of the discrete map associated with (6.3). Moreover, if the Jacobian of at x*
has all eigenvalues with negative real parts, then there exists Aty > 0 such that for all At € (0, Aty] the fixed point x* is
locally asymptotically stable for the discrete system.

Proof. If z* is an equilibrium of (2.2]), then each right-hand side vanishes at *, so the numerators and denominators
in coincide in such a way that z,; = x, = z*. This shows that z* is a fixed point of the discrete map. The
local stability statement follows from a standard perturbation argument: the Jacobian of the one-step map at z* is of
the form Ja,(z*) = I + At Df(x*) + O(At?), where D f(z*) is the Jacobian of the vector field of at z*. Since
all eigenvalues of D f(z*) have strictly negative real parts, the eigenvalues of Ja:(z*) depend continuously on At and
satisfy p(Jai(z*)) < 1 for all At € (0, Atg] and some Aty > 0 sufficiently small. This ensures local asymptotic stability
of z* for the discrete system [41},/43]]. O

Propositions [6.2] and combined with the positivity and invariance of Lemma show that the NSFD-Patankar
discretization provides a numerically robust and dynamically consistent approximation of the non-autonomous
SEAIHRV model. In particular, the discrete dynamics are compatible with the threshold and stability properties derived
from the spectral quantity A, and the time-dependent reproduction profile R; in the previous sections [43}44].

6.4 Numerical Illustration of Positivity and Invariant-region Preservation
We illustrate the qualitative properties of the NSFD-Patankar scheme on three representative initial states in :

(i) a nearly disease-free configuration with (Ey, Ao, Iy, Ho) =~ 0 and Sp ~ A/p,
(ii) a configuration with a large initial infectious burden in (Ey, Ao, 1o, Hop),
(iii) a heterogeneous configuration with nontrivial immunity and vaccination levels in (R, Vp).
For each initial condition we integrate over a prescribed time horizon with fixed A¢ and record the corre-
sponding discrete trajectories (S, En, An, In, Hy, Ry, Vy), Ny = Sp+ E, + A, + I, + H, + R, + V,,. In all cases
we observe that S,,, E,,, Ay, I,, H,, Rp, Vi, >0 and N, < A/u, Vn > 0, in full agreement with Lemmaand the

invariant-region property of the continuous-time model. Thus the discrete dynamics remain confined to the feasible set
Q= {z Rl :N <A/u}, and the NSFD-Patankar integrator does not generate nonphysical states.
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Phase trajectories in the SEAIHRV epidemic system
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Figure 1: NSFD-Patankar dynamics: positivity and invariant region. Trajectories of the discrete SEATHRV system for three
initial conditions in 2, coloured by normalized total population N,,/(A/u). All trajectories remain in the positive orthant and satisfy
N, < A/pfor all n, in agreement with Lemma and the invariant-region property of the continuous model.

Figure |1| displays the trajectories in the (I, H, R)-space, with the normalized total population N, /(A/u) encoded by
colour. All trajectories remain in the positive orthant and below the hyperplane N = A/u, which visually confirms
preservation of positivity and of the invariant region at the discrete level.

The NSFD-Patankar integrator ensures positivity and forward-invariance of Q) for all At > 0, preserves equilibria
and their local stability for sufficiently small steps, and produces numerical results that are fully consistent with the
deterministic ODE framework and the threshold analysis developed in the previous sections.

6.5 Autonomous Regime: Threshold and Global Stability

We first consider autonomous configurations in which the intervention functions are frozen at constant levels, 5(t) =
Bo, v(t) = vp, and n(t) = ne. In this case the SEAIHRV system becomes autonomous and the time-dependent repro-
duction profile R; reduces to a constant basic reproduction number Rj,. For each parameter set, R, is computed as
the spectral radius of the next-generation matrix associated with the infectious block (E, A, I, H), and both subcritical
(Rg < 1) and supercritical (Ry > 1) regimes are considered.

Figure [2| provides a numerical illustration of the classical autonomous threshold principle in the SEAIHRV setting:
when Ry < 1, all trajectories are globally attracted to the disease-free equilibrium, whereas when Ry > 1, the same
system converges to a unique endemic equilibrium in the interior of €, in agreement with the analytical results of
Section[5l
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SEAIHRV dynamics (R0 <1) SEAIHRV dynamics (R0 >1)
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Figure 2: Autonomous SEAIHRV dynamics: threshold and global stability. Three-dimensional trajectories of the autonomous
SEATHRYV system in the (S(¢), I(t), R(t))-space for two parameter regimes. In the left panel (Ry < 1), every trajectory converges to
the disease-free equilibrium and the infectious component I(¢) decays to zero, independently of the initial condition. In the right
panel (Ro > 1), trajectories are attracted to an interior endemic state with strictly positive limiting levels of infection and recovery.
In both regimes, the colour scale encodes the total population N (¢), showing that all solutions remain in the feasible region 2 and
illustrating how the threshold Ry = 1 separates global eradication from persistent endemic dynamics.

6.5.1 Subcritical case: Ry < 1

In the subcritical regime, we fix (8y, 10, 10) so that Ry < 1 and integrate the autonomous SEAIHRV system using the
NSFD-Patankar discretization of Section Several nontrivial initial conditions in €2 \ M, are considered in order
to probe the global dynamics. For each trajectory, we monitor the compartments (S, I, R), as well as the infectious
variables I and H separately, over a sufficiently long time interval.

6.5.2 Supercritical case: Ry > 1 and endemic equilibrium

We consider a supercritical autonomous regime by choosing constant controls (5, v, 70) such that the basic reproduc-
tion number of the autonomous SEAIHRV system satisfies Ry > 1 and the model admits a unique endemic equilibrium
X* € int(2). For this parameter set, we integrate the autonomous SEAIHRV system using the NSFD-Patankar dis-
cretization of Section|[6.2] starting from a wide range of admissible initial conditions in Q2 \ Mp.

As illustrated in Figure all nontrivial initial states in \M, generate trajectories that converge to the same endemic
equilibrium X* = (S*, E*, A*, I*, H*, R*,V*), with (E*, A* I*, H*) strictly positive. At the level of the NSFD-Patankar
discretization, these simulations are fully consistent with the global stability of the endemic equilibrium for Ry > 1
established analytically for the autonomous SEATHRV model in Section
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3D Trajectories: S-I-R 5 Symptomatic Infectious over Time
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Figure 3: Subcritical autonomous SEATHRV: global attraction of the disease-free state. Left: three-dimensional trajectories of the
autonomous SEATHRYV system in the (S(t), I(t), R(t))-space for three distinct initial conditions in Q \ Mo under a subcritical regime
Ry < 1. All trajectories are attracted to the disease-free axis, with I(¢) — 0 and R(t) converging to its disease-free value. Right:
time series of the symptomatic infectious and hospitalized populations, I(¢) and H(t), shown on linear and logarithmic scales,
respectively, and exhibiting a clear decay to zero. These simulations confirm, at the level of the NSFD-Patankar discretization, the
global asymptotic stability of the disease-free state for Ry < 1 established in Section
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Figure 4: Supercritical autonomous SEATHRV: convergence towards an endemic equilibrium. Left: three-dimensional trajectories of
the autonomous SEAIHRV system in the (S(t), I(t), R(t))-space for several initial conditions in 2 \ Mo under a supercritical regime
with Ry > 1. Each coloured curve corresponds to a different initial distribution of infection and immunity, and the red marker
denotes the numerically approximated endemic equilibrium X* € int(€2). All trajectories are attracted to X*, illustrating global
convergence towards the endemic regime. Right: phase portraits in the (S, I) and (I, H) planes, further showing that every orbit
converges to the same interior equilibrium in these projections.
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Phase trajectory of the SEATHRV system

Colour indicates the effective reproduction number R, . Effective reproduction number
PN R
7 . = = =R =1 threshold
/ “
/ ™~
/ ~
8 e ™.
%10 ) N T S
5.7 ™~
o 400 600 800 1000 1200
< 4.
’ -2 107 Clinical burden of infection
sk e Symptomatic I(t) | |
ERER Hospitalized H(1)
3 . 4
g = =
z 2 =
g P 2
2 .
' Trajectory 0
= 1 4 In ate 4 0 200 400 600 800 1000 1200
= e Final state «108 Total epidemic burden
P Direction of evolution 2
04~ L 24
0 - o Zs
N - =
A 2
[N g @
[N < 7 Ep)
%10 . // %10 e
. < 4 1
2 ~_ .~ 3
~ 6 0 SIS | | | | |
0 200 400 600 800 1000 1200

3 . ,
I(t) - symptomatic individuals Time (days)

H(t) - hospitalized individuals

Figure 5: Time-varying transmission and effective reproduction number in the SEAIHRV model. Left: trajectory of the non-
autonomous SEAIHRYV system in the (I(¢), H(t), R(t))-space under smoothly varying contact, vaccination and hospitalization rates,
with the effective reproduction number R; encoded as a colour scale along the curve. Right: time series of R:, of the symptomatic
infectious and hospitalized populations I(¢t) and H(t), and of the cumulative number of infections. Intervals where R, > 1
correspond to phases of growth in 7(¢) and H(t), whereas intervals where R; < 1 are associated with decay of the infectious
burden.

6.6 Time-varying Transmission and Effective Reproduction Profile R,

Numerical simulations are employed to illustrate how time-varying interventions, acting through the parameters §(t),
v(t), and n(t), influence the effective reproduction profile ¢ — R; and, consequently, shape the epidemic dynamics gen-
erated by the SEATHRV system (2.2). All simulations are performed with the NSFD-Patankar discretization introduced
in Section [6.2] which preserves positivity and the invariant region established in Section 3]

For each intervention scenario, we compute along the discrete trajectories the explicit SEATHRV effective reproduc-

tion number

S(t) | peca (A-per (I—p)n@t)cu
N@) [va+p  yr+or+p+nt) (46 +p+n®)(va +0u + )

and compare its temporal profile with the evolution of the symptomatic infectious and hospitalized compartments I(¢)
and H (t) and with the cumulative number of infections.

6.6.1 Constant versus smoothly varying interventions

We first compare two intervention regimes: (i) an autonomous baseline with constant parameters (3(¢), v(t),n(t)) =
(8o, 0,m0), and (ii) a genuinely non-autonomous configuration in which v(¢) follows a sigmoidal ramp, §(t) decreases
smoothly, and 7(¢) decays exponentially, as prescribed in Section In both cases, the SEAIHRV system is inte-
grated using the NSFD-Patankar scheme, and the effective reproduction profile R; is evaluated along the numerical
trajectories.
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Constant vs Smooth Interventions
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Figure 6: SEAIHRV: constant versus smoothly varying interventions. The left panel shows trajectories of the SEATHRV system in
the (I, H, R)-space for an autonomous baseline with constant (5o, 0, 70) and for a non-autonomous regime in which vaccination,
contact and hospitalization rates vary smoothly over time; the colour encodes the effective reproduction number R;. Even when
both scenarios have comparable time-averaged intervention levels, the smoothly varying regime drives the system more rapidly into
regions where R; < 1, leading to a lower and shorter epidemic wave. The right panel displays the corresponding time series of Ry,
the symptomatic infectious and hospitalized populations 7(¢) and H (¢), and the cumulative number of infections, and shows that
the smoothly varying interventions cause R; to cross and remain below 1 earlier, which results in a smaller final epidemic size than
under the constant baseline.

Figure [6] compares the autonomous baseline with the smoothly varying regime. Although the two scenarios are
chosen to have comparable time-averaged levels of intervention, the non-autonomous case drives the system more
rapidly into regions where R; < 1 and keeps R, below the epidemic threshold for a longer fraction of time. As a
consequence, the peak values of I(t) and H(t) are reduced and the final epidemic size is smaller in the smoothly
varying regime.

6.6.2 Periodic forcing, R, and Floquet-type threshold behaviour

We next consider periodically forced scenarios in which the transmission, vaccination, and hospitalization rates 3(¢),
v(t), and n(t) are T-periodic functions, modelling seasonal contact patterns and recurrent vaccination campaigns. In
this setting, the SEATHRV vector field and the induced profile ¢ — R, are T-periodic, and the linearized infectious
subsystem over one period admits a principal Floquet multiplier R,,.,, which can be interpreted as an effective periodic
reproduction number for the model. For each periodically forced parameter set, we integrate the SEATHRV system
with the NSFD-Patankar scheme. After discarding an initial transient phase, we examine the long-term behaviour over
one or several forcing periods and estimate R, from the monodromy operator of the linearized infectious block over
a single period. Along the resulting trajectories, we also evaluate R; and analyse how its periodic excursions above
and below 1 correlate with the persistence or extinction of the infection.

The simulations reproduce the Floquet-type threshold dichotomy described in Section When Ry, < 1, the
infectious compartments /(t) and H (t) converge to zero despite the oscillations of R;, and the trajectory in phase space
contracts towards a neighbourhood of the disease-free manifold M. When R, > 1, the SEATHRV flow organizes into
a nontrivial closed loop in (I, H, R)-space corresponding to a stable T-periodic endemic orbit, with I(¢) and H ()
oscillating between strictly positive bounds.
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Periodic forcing in SEATHRV (NSFD—Patankar)
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Figure 7: Periodic forcing in the SEAIHRV model: subcritical versus supercritical regimes. Left: asymptotic trajectories of the
periodically forced SEATHRYV system in the (I(t), H(t), R(t)) phase space over one forcing period, for two representative parameter
regimes. When Rper < 1, the trajectory contracts towards the disease-free manifold, indicating progressive elimination of the
infection. When Rpe: > 1, the trajectory forms a closed loop corresponding to a stable T-periodic endemic orbit. Right: temporal
evolution of the effective reproduction profile R; together with the symptomatic infectious and hospitalized populations I(¢) and
H (t) during the last two forcing periods. If R, remains predominantly below 1, the amplitudes of I(¢) and H (t) decay to zero; if R,
stays mostly above 1, the system exhibits sustained oscillations, reflecting a persistent periodic endemic state driven by the seasonal
forcing.

6.6.3 Adaptive (feedback) control and outbreak suppression

As a final step, we investigate adaptive control strategies in which the interventions respond to the current epidemio-
logical state. As a prototypical example, we consider a feedback law for the contact rate of the form

Bhign, 1(t) + H(t) < L,

ﬁlowa I(t) + H(t) Z Ica

Bt) =

with Bhigh = 0.40, Biow = 0.15 (strong feedback) or 0.25 (weak feedback), and thresholds I. = 0.006 N (strong) or
0.018N (weak). Strong feedback is activated earlier and enforces a larger reduction in 3, whereas weak feedback
reacts later and more mildly. For simplicity, the vaccination and hospitalization rates (v(t),7n(t)) are kept constant in
this illustration, although the same feedback logic can be extended to these channels.

Using the NSFD-Patankar scheme and the feedback law above, we simulate the closed-loop SEATHRV system, monitor
the effective reproduction number R;(5(t), v(t),n(t), S(t)/N(t)), and track the combined burden I(¢) + H (t) relative
to the thresholds I.. Strong feedback leads to a time-averaged value of log R; that is negative, which drives trajectories
towards the disease-free manifold and suppresses the outbreak. Weak feedback allows R; to exceed 1 repeatedly, so
that the asymptotic average of log R; remains positive and the system exhibits persistent oscillations and recurrent
peaksin [ and H.
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Adaptive feedback on 3(t)
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Figure 8: Adaptive feedback control in the SEAIHRV model. Left: trajectories in (I, H, R)-space, coloured by R, for strong and
weak feedback. Right: over a common asymptotic window, effective reproduction number R;, burden I + H with thresholds I.,
and symptomatic/hospitalized populations. Strong feedback drives R; below 1 on average, suppressing the outbreak, while weak
feedback allows repeated surges, leading to sustained oscillations.

7 Discussion

Our analysis demonstrates that, within the SEAIHRV framework, epidemic thresholds are not fixed scalar constants
but emergent, trajectory-dependent quantities determined by the full non-autonomous cocycle structure of the system.
In particular, they are governed by the time-resolved reproduction profile ¢t — R, and its logarithmic time averages,
as formalized in the threshold results of Section [4, In the autonomous limit, the usual basic reproduction number
Ry is recovered as the spectral radius of the next-generation operator, producing a clear dichotomy between global
extinction and global persistence, consistent with the stability analysis of Section In genuinely time-dependent
regimes, this role is assumed by quantities such as the periodic reproduction number R, or more generally by the
sign of the asymptotic average of log R; along the linearized infectious cocycle, which acts as a dominant Lyapunov
exponent [20}25].

From this perspective, an “epidemic threshold” should be understood as a property of the entire intervention history
(8,v,n) and the induced non-autonomous dynamics, rather than a single static number. Changes in the timing or
intensity of interventions deform the cocycle, modify the spectrum of the associated evolution operators, and shift the
effective threshold surface in parameter space. The numerical experiments based on the NSFD-Patankar discretiza-
tion (Section [6) illustrate this effect: two intervention protocols with similar static averages can produce radically
different long-term outcomes, depending on whether R; maintains a negative or positive asymptotic average of log R;.
Importantly, the NSFD scheme preserves positivity and the qualitative threshold properties of the continuous system
(Lemma 6.T), ensuring that discrete trajectories faithfully reproduce the analytically predicted dynamics.

Adaptive public health strategies can thus be interpreted as explicit feedback laws acting on the SEAIHRV coefficients
to steer the dominant Lyapunov exponent of the infectious cocycle across zero. The feedback-control experiments in
Section provide concrete illustrations: prompt and sufficiently strong state-dependent interventions enforce
a negative asymptotic average of log R; along all admissible trajectories, driving the flow towards the disease-free
manifold and ensuring robust outbreak suppression despite nonlinearities and switching. Conversely, under-calibrated
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feedback allows R, to remain above one for extended periods, maintaining a positive asymptotic average and driving
the system toward persistent endemic regimes, including stable equilibria, periodic orbits, or more complex recurrent
dynamics [44,45].

Overall, our combined analytical and numerical results provide a mathematically precise formulation of the empirical
intuition that adaptive strategies outperform static ones. By tuning interventions to render the asymptotic logarithmic
growth rate of infection negative, the global phase portrait of the SEAIHRV model is reshaped in favor of eradication
rather than persistence. The NSFD-Patankar simulations, including feedback-control scenarios (Sections
and [6.6.3)), offer visual confirmation of these principles, translating the abstract notions of Lyapunov exponents and
non-autonomous thresholds into directly observable epidemic outcomes such as R;, I(t), and H (t).

8 Conclusion

In this work, we have developed and analysed a SEAIHRV epidemic framework in which transmission, vaccination,
and hospitalization are genuinely time-dependent control inputs. The effective reproduction profile ¢ — R; emerges
as an explicitly computable scalar cocycle governing the growth or decay of infection. Our analysis shows that the
global behaviour of the non-autonomous SEAIHRV system is organized by a small number of threshold functionals:
Ry in the autonomous case (Section [5), Ry in periodically forced regimes, and the asymptotic logarithmic average
of R; in fully time-dependent scenarios (Section [4), which coincides with the principal Lyapunov exponent of the lin-
earized infectious cocycle. These analytical predictions are illustrated by the NSFD-Patankar simulations of Section 6]
confirming the preservation of positivity, invariance, and threshold properties (Lemma[6.1)).

This perspective allows us to formulate a unified and intrinsically dynamical notion of epidemic threshold that ex-
tends the classical R, to non-autonomous and feedback-controlled regimes. Controlling an epidemic is thus equivalent
to designing admissible trajectories of (/3,v,7n) such that the associated R; drives the principal Lyapunov exponent
below zero. When the asymptotic average of log R, is negative, the disease-free manifold is globally attractive and all
trajectories in {2 converge to the healthy state. Otherwise, the system evolves towards endemic attractors in the inte-
rior of 2, which may manifest as equilibria, periodic orbits, or more complex recurrent dynamics, reflecting a strictly
positive asymptotic growth rate of infection. Importantly, the NSFD-Patankar simulations (Sections [6} provide
a concrete, visual demonstration of these phenomena: different intervention schedules, even with similar static aver-
ages, can produce qualitatively distinct epidemic outcomes, directly linking analytical theory and observable quantities
such as Ry, I(t), and H(t).

Beyond mathematical interest, this framework provides a robust tool for evaluating intervention strategies in dynam-
ically changing environments. It naturally extends to optimal control, stochastic perturbations, or spatially structured
models, while maintaining the central principle: the success of an intervention strategy is encoded in its ability to al-
ter the dominant spectral characteristics of the epidemic cocycle. By explicitly connecting time-varying interventions,
spectral thresholds, and the global phase portrait, we provide a rigorous and operational perspective for public health
decision-making.
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